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This paper studies parametric estimation and inference in a dyadic network forma-
tion model with nontransferable utilities, incorporating observed covariates and unob-
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a new bootstrap aggregating (bagging) estimator, which is asymptotically normal, un-
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1 Introduction

Our society and economy do not exist in isolation; they are inherently connected through
complex networks of relationships and interactions. These networks play a pivotal role
in shaping the decisions and behaviors of individuals, organizations, and institutions. For
example, a consumer’s purchasing decision may be swayed by the opinions of friends, or a
company’s strategic move could be shaped by the actions of competitors within its network.
Understanding the structure and dynamics of these networks is therefore crucial for analyzing
how decisions propagate through society and the economy. This makes the study of network
formation—how these networks come into existence, evolve, and influence behaviors—an
essential area of inquiry. By understanding network formation, we can gain insights into
the underlying mechanisms that drive social and economic phenomena, ultimately leading
to more informed decisions and effective policies.

This paper studies efficient estimation and inference in a flexible dyadic network forma-
tion model with observed covariates, unobserved heterogeneity, and nontransferable utilities
(NTU). We consider one single large network which is arguably the most common type
of network data available in empirical studies. By “efficient,” we mean that our proposed
estimator achieves the Cramér–Rao lower bound (CRLB, Rao, 1992) asymptotically, and
a computationally efficient algorithm is provided. By “flexible,” we include both observed
pairwise covariates for the homophily effect and the unobserved individual heterogeneity as
fixed effects. Consequently, our model can capture rich forms of heterogeneity among agents
in the network. Finally, in contrast to a large body of work (e.g., Chatterjee et al., 2011;
Graham, 2017; Qu et al., 2025) that considers transferable utilities (TU), we model real-
world social interactions by requiring bilateral consent via NTU. For instance, friendship
is usually formed only when both individuals are willing to accept each other, or in other
words, when both derive sufficiently high utilities from establishing the friendship. It is even
more prominent in business networks since no firm would make a deal if it incurs a loss from
the transaction when there is no mechanism to guarantee profit redistribution. Moreover,
NTU can effectively incorporate homophily effects on unobserved heterogeneity (Gao et al.,
2023). We provide a more in-depth comparison between TU and NTU in Remark 2.

The presence of fixed effects together with NTU poses significant challenges for estima-
tion and inference. First, the requirement of bilateral agreement to form a link under NTU
breaks down the additivity in the fixed effects in the utility surplus function, i.e., the linking
probability between two individuals is no longer additively separable in their fixed effects.
Such nonseparability in the fixed effects makes inapplicable the arithmetic-differencing-based
methods that cancels out the fixed effects (e.g., the innovative tetrad estimator of Graham,
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2017 cannot be applied under NTU). Second, classical maximum likelihood estimation is
subject to well-known theoretical difficulties, most notably the incidental parameter prob-
lem, which leads to nonexistence and nonuniqueness of estimators as well as asymptotic
bias. It also entails substantial computational burdens when individual fixed effects are in-
cluded alongside fixed-dimensional structural (homophily) parameters. To deal with these
challenges, existing dyadic network formation literature with TU typically relies on specific
distributional assumptions (e.g., the joint maximum likelihood (JML) estimator of Graham,
2017 uses logistic distribution while Dzemski, 2019 uses normal distribution) to obtain the
fixed effects as functions of homophily parameters and subsequently maximize the compos-
ite or profile likelihood function with these estimated functions plugged in. However, the
combination of NTU and a general link function renders the existing methods inapplica-
ble. Third, our network formation model with NTU makes the asymptotic theory different
from the current literature that focuses on TU. For example, the Jacobian matrix of the
moment equations used to construct initial moment estimators is asymmetric due to NTU,
invalidating the asymptotic analysis under TU.

To deal with those theoretical and computational challenges, this paper proposes a boot-
strap aggregating (bagging) estimator for the homophily parameters β0. We show its asymp-
totic normality centered at zero, and efficiency in the sense that the bagging estimator
achieves the CRLB asymptotically. Our paper is the first one in the literature of dyadic
network formation with NTU that has inference and efficiency results. A key step of our
proposal is inspired by Le Cam (1969)’s one-step approximation to the maximum likelihood
(ML) estimator, which effectively circumvents the computational difficulties associated with
the classic ML estimator. The one-step approximation updates once, via a Newton-type
procedure, an initial estimator that converges to the true parameter at the parametric rate:

β̂OS = β̂Initial + I−1
n (β̂Initial) · sn(β̂Initial),

where In (·) is the negative Hessian and sn (·) is the score for the log likelihood function.
The one-step estimator is significantly faster and more stable to compute than the classic
ML estimator, and yet retains the same asymptotic rate and variance. It requires only a
single updating step—making it ideal for large datasets, in particular for network data which
includes links between all pairs of individuals1—and remains asymptotically optimal. For
β̂Initial, we propose a general method of moment estimator and characterize its asymptotic
distribution. In this step, we also estimate the fixed effects and prove their convergence to
the true parameters α0 in the ℓ∞ norm.

1For example, in a reasonably small network with n = 100 individuals, there are a total of N = (n2 −
n)/2 = 4950 undirected links.
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Next, since the one-step estimator is asymptotically equivalent to the ML estimator, it
carries asymptotic bias. We debias it via the bagging method from the machine learning
literature (Breiman, 1996; Hirano and Wright, 2017) after split-network jackknife. As far as
we know, bagging is novel in the network formation literature. The idea is, for each round
t ∈ {1, ..., T̃n}, we randomly split all nodes into two halves and estimate parameters only
based on each subnetwork formed among the half nodes to obtain β̂

(t)
OS,1 and β̂

(t)
OS,2. Then, we

take average over the T̃n splits and debias β̂OS by

β̂BG = 2β̂OS −
1

2T̃n

T̃n∑
t=1

(
β̂
(t)
OS,1 + β̂

(t)
OS,2

)
.

We show that, as n and T̃n go to infinity, the bagging estimator β̂BG is asymptotically
unbiased and achieves the efficiency bound. Note that if we set Tn = 1, β̂BG reduces to the
split-network jackknife estimator, which is asymptotically unbiased but inefficient because it
doubles the asymptotic variance of the ML estimator. Bagging is essential in deflating the
variance to the efficiency level, i.e., the CRLB. Moreover, bagging also makes the computation
more stable and insensitive to the choice of random splits.

As two extensions, we provide a consistent estimator and prove its asymptotic normality
for the average partial effects (APEs) and discuss how misspecification of the link function
affects the analysis, the latter of which is much less considered in this literature. We show
that the APEs can be consistently estimated and that β̂BG converges to the pseudo-true
value under link function misspecification.

Simulation results confirm that the proposed estimators for the homophily parameters,
individual fixed effects, and APEs perform as predicted by the theory. We present two
empirical examples. First, in the risk-sharing network data of Nyakatoke (De Weerdt, 2004),
our method indicates that wealth differences have no statistically significant effect on link
formation. Second, we apply our method to the information and favor networks to each
of the 75 villages from the India microfinance dataset (Banerjee et al., 2013, 2024). It is
evident that belonging to the same caste strongly and uniformly boosts link formation among
households in the sampled Indian villages, whereas the influence of other factors varies village
by village. A demonstration of our proposed methods is available at the GitHub repository
https://github.com/YapengZheng/network_formation_NTU.

Literature Review. Our paper contributes to the literature on dyadic network forma-
tion in a single large network. Most existing work studies TU, which allow individual fixed
effects to be eliminated by arithmetic differencing (Chatterjee et al., 2011; Graham, 2017;
Dzemski, 2019; Zeleneev, 2020; see Graham, 2020, for a review). Gao et al. (2023) study a
semiparametric NTU model using logical differencing, but without inference for homophily
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parameters or estimators of fixed effects. We complement their work by establishing in-
ference for homophily parameters, delivering ℓ∞-consistent estimators of fixed effects, and
developing asymptotic results for the APEs and under link function misspecification.

Our paper also builds on Graham (2017), who introduces a tetrad logit estimator and a
joint ML estimator under TU and logistic link functions. These methods, as well as functional
differencing (Bonhomme, 2012; Bonhomme and Dano, 2024), do not extend to NTU due to
the fixed effects being not additively separable in the specification of the utility surplus from
a link. Recent contributions also remain within TU: Hughes (2023) develops a jackknife
bias correction, Qu et al. (2025) propose a projection approach for directed networks, and
Candelaria and Zhang (2024) study robust inference in bipartite networks. Semiparametric
and nonparametric TU approaches include Toth (2017), Gao (2020), and Candelaria (2024).
In contrast, our estimator applies under NTU.

Methodologically, our work relates to the large-T panel literature on nonlinear fixed-effect
models (Hahn and Newey, 2004; Hahn and Kuersteiner, 2011; Dhaene and Jochmans, 2015;
Fernández-Val and Weidner, 2016, 2018). These methods rely on concavity of log-likelihood
functions and/or sparsity of certain derivatives of functionals of fixed effects assumptions that
are hard to verify in our setting. Instead, we adapt the sample-splitting idea (see Mei et al.,
2023; Liao et al., 2024 for tackling Nickell-type biases in panel predictive regressions using
split-sample strategies) and establish formally that bagging delivers unbiased and efficient
estimation. Related work on nonlinear factor models and orthogonalized estimators (Chen
et al., 2021; Bonhomme et al., 2024) requires conditions that preclude NTU.

Two adjacent literature are worth noting. First, dyadic formation models are often used to
control for endogeneity in structural models of social interactions (Goldsmith-Pinkham and
Imbens, 2013; Hsieh and Lee, 2016; Johnsson and Moon, 2021; Auerbach, 2022). Our contri-
bution differs in focusing directly on efficient estimation of the formation process, though our
results may be useful for future studies of spillovers (Jackson et al., 2024). Second, there is a
line of work on strategic network formation and empirical games based on pairwise stability
(Jackson and Wolinsky, 1996; Mele, 2017; de Paula et al., 2018; Sheng, 2020; Chandrasekhar
and Jackson, 2025). These models incorporate externalities but typically impose restrictions
on heterogeneity or the degree distribution and often require TU (e.g., Pelican and Graham,
2024). Our fixed-effects NTU approach, which permits arbitrary correlation between ob-
servables and the fixed effects, is therefore complementary to and methodologically distinct
from the existing literature (for a comprehensive review of the two approaches, see de Paula,
2020).

Organization. The rest of the paper is organized as follows. Section 2 formally intro-
duces a dyadic model of link formation and presents our estimation algorithm. Section 3
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develops the main theoretical results for our proposed estimators. Section 4 develops asymp-
totic theory for the APEs and analyzes link function misspecification. Section 5 carries out
simulation studies. Section 6 provides two empirical applications. All proofs are relegated
to the Appendix.

Notation. Let “ :=” denote a definition, and let the superscript “⊤” denote the transpose
of a vector or a matrix. We use bold-case for variables of increasing dimension with n. For
example, the true fixed effects α0 = (αi0)1≤i≤n is n×1. For an n×1 vector a = (a1, . . . , an)

⊤,
its ℓ1 norm is ∥a∥1 :=

∑n
i=1 |ai|, ℓ2 norm is ∥a∥2 := (

∑n
i=1 a

2
i )

1/2, and ℓ∞ norm is ∥a∥∞ :=

max1≤i≤n |ai|. When O(·) (and other notation for order) is written for a vector (or matrix), it
means that each element in the vector (or matrix) is of the order in O(·). Here, “plim” denotes
the probability limit, “ p→” convergence in probability, and “ d→” convergence in distribution.
Unless otherwise noted, for all convergence results we pass n → ∞. For an n×n matrix A, we
write ∥A∥1 := max1≤i≤n ∥A·i∥1, ∥A∥∞ := max1≤i≤n ∥Ai·∥1 and ∥A∥max := max1≤i,j≤n |Aij|,
where A·i and Ai· are the ith column and row of A, respectively. ⌊c⌋ denotes the integer
part of any number c. Let F : R → (0, 1) be a link function. To simplify notation, we write
Fij(α, β) := F (αi + x⊤

ijβ), Fji(α, β) := F (αj + x⊤
jiβ), and pij(α, β) := Fij(α, β)Fji(α, β).

We use the shorthand Fij, Fji, and pij when the corresponding functions are evaluated at
the true values of (α0, β0). Finally, the abbreviation “w.p.a.1” stands for “with probability
approaching one.”

2 Model and Computation

We consider an undirected network formed among agents i ∈ In := {1, . . . , n}. Hence,
there are N =

(
n
2

)
dyads to be linked. Agent i agrees to form a link with j if her utility from

the connection is strictly positive. We use a binary random variable Zij to denote agent i’s
decision on whether to link with j, that is,

Zij := 1(αi0 +X⊤
ijβ0 − ϵij > 0), 1 ≤ i ̸= j ≤ n. (1)

We rule out self-loops, i.e., Zii = 0, i ∈ In. Three components determine the value of
Zij: (i) the unobserved fixed effect αi0, which is specific to agent i; (ii) dyad-specific index
X⊤

ijβ0 that captures the homophily effect in the observable characteristics of each pair (i, j),
where Xij ∈ RK denotes the symmetric dyad-level covariates for all i ̸= j, and (iii) an
idiosyncratic component ϵij with a known distribution, assumed to be independently and
identically distributed across all dyads (i, j).
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Under NTU, an observed link Yij between i and j is formed as

Yij := Zij · Zji, 1 ≤ i ̸= j ≤ n. (2)

The user specifies a link function F , which is the distribution function of the idiosyncratic
error ϵij. The log-likelihood is

ℓn(α, β) :=
n∑

i=1

∑
j>i

{yij log pij(α, β) + (1− yij) log (1− pij(α, β))}.

Remark 1. While we deal with the stylized model (1)–(2) to fix ideas, multiple generaliza-
tions are possible. First, our model can be extended to cover directed network with NTU by
introducing two sets of heterogeneity that captures in-degree and out-degree separately as in
Yan et al. (2019) and Hughes (2023). Specifically, we may include an additional unobserved
fixed effect γj0 in (1). It would require estimating 2n fixed effects via moment restrictions
defined in Module 1 below. Second, we consider the general case in which Xij represents
generic symmetric pairwise observable characteristics such as distance between two house-
holds in a village. As a special case, our model allows Xij to be generated by a symmetric
function of individual characteristics Xi and Xj (e.g., Graham, 2017). While accommodating
asymmetric Xij is feasible and supported by simulations, it introduces additional technical
complications in the proofs and would obscure the main focus of the paper.

Remark 2. Our network formation model (2) with NTU is different from that with TU in
the following form:

Yij = 1
{
αi0 + αj0 +X⊤

ijβ0 − ϵij > 0
}
. (3)

The TU model (3) essentially asserts that, if the joint surplus generated by a bilateral link
αi0 + αj0 + X⊤

ijβ0 − ϵij is positive, then the link between i and j is formed. An important
assumption behind the TU model (3) is that the link surplus can be freely distributed
between i and j, and that bargaining efficiency is always achieved, which can be strong in
many networks (e.g., risk sharing network, friendship network). Our NTU model (2), on the
other hand, requires that the utility surplus from the link for both i and j to be strictly
positive in order to form a link, which is arguably more realistic in the aforementioned
networks. Furthermore, the NTU model (2) reflects the fact that the party with relatively
lower utility is the pivotal one in link formation. Finally, it can be shown (see Gao et al.,
2023) that the NTU model (2) can accommodate homophily effect in both observable and
unobservable covariates.

Given the model, we introduce the algorithm to estimate the homophily coefficient β0.
There are three sequential modules—Joint Method of Moments (JMM), One-Step (OS), and
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Bagging (BG)—that lead to β̂BG. Specifically, Module JMM provides an initial consistent
estimator, which, however, does not reach the CRLB and is biased. We refine the JMM
estimator with the one-step adjustment to achieve the CRLB. Finally, we apply the bagged
split-network jackknife to debias the one-step estimator while preserving its efficiency.

We define a few objects before each module. Let Y = (Yij)1≤i,j≤n be the n×n adjacency
matrix and X = (Xij)1≤i,j≤n be the n × n × k random tensor of covariates. Denote their
realizations by y = (yij)1≤i,j≤n and x = (xij)1≤i,j≤n, respectively. The degree di :=

∑
j ̸=i Yij

is defined for each i ∈ In of the observed network Y. Define a vector of moment functions
m(α, β) := (m⊤

1 (α, β),m⊤
2 (α, β))⊤, where m1(α, β) := (di −

∑
j ̸=1 pij(α, β))ni=1 is an n-

dimensional function that concerns the average degree of each i, and m2(α, β) :=
n∑

i=1

∑
j>i

[yij−

pij(α, β)]xij is a K-dimensional function.

Module 1 (JMM). The JMM estimator (α̂, β̂) is the solution to the (n + K)-equation
system m(α, β) = 0.

To find the solution to m(α, β) = 0, for each β we let

ri(α, β) = αi + (n− 1)−1

(
di −

∑
j ̸=i

pij(α, β)

)
, i ∈ In (4)

and r(α, β) =
(
r1(α, β), . . . , rn(α, β)

)⊤. The intuition is, for any i when di is strictly
larger than

∑
j ̸=i pij(α, β), we would like to increase αi such that each pij(α, β) for j ̸= i is

larger, and vice versa. Starting with an initial value α0, we iterate αk+1(β) = r(αk(β), β)

until convergence to obtain α̂ (β), and then we solve the finite dimensional equations
m2(α̂ (β) , β) = 0.

Next, the OS module involves the score and information matrix. Define the score of ℓn
as s(α, β) =

(
s⊤1 (α, β), s⊤2 (α, β)

)⊤
=
(
∂ℓn/∂α

⊤, ∂ℓn/∂β
⊤)⊤, and partition the information

matrix

I(α, β) = E[s(α, β)s(α, β)⊤|x,α] :=

(
I11(α, β) I12(α, β)

I⊤12(α, β) I22(α, β)

)
(5)

into the four compatible blocks. Define the concentrated score function and information
matrix of β as

sn(α, β) = s2(α, β)− I12(α, β)⊤I11(α, β)−1s1(α, β), and

In(α, β) = I22(α, β)− I12(α, β)⊤I11(α, β)−1I12(α, β),

respectively.
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Module 2 (OS). Substitute the JMM estimator (α̂, β̂) into

β̂OS := β̂ + In(α̂, β̂)−1sn(α̂, β̂). (6)

The variance of the OS estimator β̂OS achieves the CRLB asymptotically. To illustrate
the idea, suppose β is a scalar. When sn(α̂, β̂) is positive, implying that an increase in β

raises the log-likelihood, it is desirable to increase the initial estimator. When the In(α̂, β̂) is
large, which means there is sufficient information to identify the parameters, one may want
to make the adjustment smaller to avoid excessive correction. This explains why the inverse
of information matrix also plays a role.

Finally, bagging is featured by randomization. Assume an even integer n for convenience.
Let t = 1, 2, . . . , T̃n, for some T̃n ≤

(
n

n/2

)
, index an equal-sized random partition of In into

I(t)
1,n and I(t)

2,n such that I(t)
1,n∪I(t)

2,n = In, I(t)
1,n∩I(t)

2,n = ∅, and the splits are independent over t.

Module 3 (BG). For each t = 1, ..., T̃n, apply the JMM and OS modules on the subnetwork
indexed by I(t)

1,n to obtain β̂
(t)
OS,1. Repeat the same procedure on I(t)

2,n to obtain β̂
(t)
OS,2. Apply the

bagged jackknife to obtain the BG estimator β̂BG := 2β̂OS − (2T̃n)
−1
∑T̃n

t=1(β̂
(t)
OS,1 + β̂

(t)
OS,2).

We employ split-network jackknife to debias β̂OS. Due to the equal splits of nodes, each
of β̂(t)

OS,1 and β̂
(t)
OS,2 incurs twice the leading bias in the asymptotic expansion. If we apply the

split-network jackknife only once, then

β̂
(t)
OS−SJ := 2β̂OS −

1

2

(
β̂
(t)
OS,1 + β̂

(t)
OS,2

)
self-cancels the leading bias. However, the variance β̂(t)

OS−SJ is doubled, since splitting the net-
work in half causes the links between nodes belonging to different subnetworks to be ignored.
Furthermore, splitting the whole network randomly makes the estimator computationally
unstable. To deal with these issues, we let T̃n → ∞ and indeed β̂BG = T̃−1

n

∑T̃n

t=1 β̂
(t)
OS−SJ

averages β̂
(t)
OS−SJ over T̃n independent splits.

When computing β̂
(t)
OS,1 and β̂

(t)
OS,2 for each random split t, we do not re-estimate the

initial β̂ by applying JMM to the corresponding subnetworks. Instead, the full-sample JMM
estimator β̂ is retained, and only α̂ is updated via (4). Consequently, the procedure remains
computationally efficient for moderate values of T̃n, such as 200 or 400 in our simulations.
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Full network Random network splitting

JMM

One-Step

Solving 
high-dimensional

equations

Obtaining 
efficient variance

Module 1

Module 2

...

Figure 1: Flowchart of the estimation procedure

To summarize, Figure 1 illustrates how each module is stacked together to produce β̂BG.
We begin by applying modules JMM and OS to the full network, whose nodes are shown as
black dots, yielding β̂OS. Next, for each random split t = 1, ..., T̃n, we divide the nodes into
two halves. For instance, in split t = 1, the yellow dots in the top-left represent I(1)

1,n and
the purple dots represent I(1)

2,n. Running JMM (with β̂ from full sample and only updating
α̂ via (4)) and OS on each subnetwork produces β̂

(1)
OS,1 and β̂

(1)
OS,2. Repeating this procedure

over t = 1, ..., T̃n and applying the bagged jackknife yields the bagging estimator β̂BG.

3 Large Sample Theory

Given the algorithm of β̂BG, in this section we prove that β̂BG is asymptotically normal,
unbiased, and efficient. We first estimate the high-dimensional fixed effects α as a function
of β by solving m1(α, β) = 0. We establish the existence and uniqueness of α̂ (β)—the
solution to m1(α, β) = 0—for each β that is local to β0. Our method accommodates NTU
and encompasses a broad class of distributions beyond the logistic. Once α̂ (β) is obtained,
we solve a different set of finite-dimensional moment conditions m2 (α, β) = 0 to compute the
JMM estimator β̂. We show that β̂ is

√
N -consistent for β0, which suffices for the purpose

of the one-step adjustment. As a by-product, we also demonstrate that α̂(β̂) converges to
α0 in the ℓ∞ norm. Then the JMM estimator is substituted into Module 2 to get β̂OS. We
prove that β̂OS achieves the CRLB but remains asymptotically biased. Finally, we show that
the debias-once β̂

(1)
OS−SJ is properly centered at zero but has a variance twice as large as that
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of β̂OS, whereas averaging over repeated splits t yields β̂BG with the desired properties.

We begin by stating three baseline assumptions that underlie the theoretical results.

Assumption 1 (Correctly Specified Model). The conditional likelihood of Y = y given
X = x and α = α0 is

Pr(Y = y|X = x,α = α0) =
n∏

i=1

∏
j>i

Pr(Yij = yij|xij, αi0, αj0),

where

Pr(Yij = yij|xij, αi0, αj0) = p
yij
ij (1− pij)

1−yij , (7)

for all i ̸= j.

Assumption 1 is similar to Assumption 1 of Graham (2017), except for two important
differences. First, under NTU αi0 and αj0 are not additively separable in the linking proba-
bility between i and j, and thus the tetrad logit estimator of Graham (2017) does not apply
in our setting. Second, the functional form of F (·) is general (See Assumption 3 below
for mild restrictions) and includes the commonly used logistic (e.g., Chatterjee et al., 2011;
Graham, 2017; Qu et al., 2025) and probit as special cases. The multiplicative form of the
joint likelihood implies that the idiosyncratic ϵij’s are i.i.d. across the dyads (i, j), i.e., links
are formed independently of one another conditional on the agent attributes. It is suitable in
settings such as risk-sharing networks, online friendships, trade networks, and conflicts be-
tween nation-states. The lack of interdependence, however, rules out networks with explicit
strategic interactions such as supply chain networks. See the discussion of Assumption 1 of
Graham (2017) for more details on this issue.

Assumption 1 also requires the link function F (·) to be correctly specified. It is well-
known that, under regularity conditions, the ML estimator converges to the parameter value
that minimizes the Kullback-Leibler divergence between the true and the misspecified model
(White, 1982). The issue is complicated by the high-dimensional individual fixed effects
and NTU. To our knowledge, the misspecification issue has not been investigated in the
network formation literature. We discuss the impact of link function misspecification on the
theoretical results in Section 4.2 and provide supporting simulation evidence in Section 5.

The next two assumptions facilitate our asymptotic analysis.

Assumption 2 (Bounded Support and Random Sampling). Suppose the following conditions
hold: (a) α0 lies in the interior of a compact set A ⊂ Rn, (b) β0 lies in the interior of a
compact set B ⊂ RK, and (c) Xij satisfy Xij ∈ X ⊂ RK for some compact set X.
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Assumption 2 collects and combines Graham (2017)’s Assumptions 2 and 5(i). It implies
that the probability of a link forming between dyad (i, j) is uniformly bounded within [κ, 1−κ]

for some κ ∈ (0, 1/2), which requires the network to be dense.2 The dense network makes it
possible to estimate αi0 consistently for each i.

Note that our theory in principle can allow the support of Xij to be unbounded; however,
it would add little theoretical insight but incur more technical complexity in the rates of
convergence via the Bernstein inequalities to bound the tail probabilities of random variables.
Assumption 2(c), which is similar to Graham (2017, Assumption 2(ii)), allows us to focus
on the main idea.

Assumption 3 (Restrictions on F (·)). F (·) is three-times continuously differentiable. Its
first to third derivatives f(·) , f (1)(·), and f (2)(·) satisfy

F (αi + x⊤
ijβ) ∈ [c1, 1− c1],

f(αi + x⊤
ijβ) ∈ [c2, 1− c2],

|f (1)(αi + x⊤
ijβ)| ≤ c3, and

|f (2)(αi + x⊤
ijβ)| ≤ c4,

for some constants c1, c2 ∈ (0, 1/2], c3, c4 > 0, and all (α, β) ∈ A×B, xij ∈ X, 1 ≤ i ̸= j ≤ n.

Assumption 3 puts bounds on F (·) and its derivatives. Assumption 3 is regarded as mild,
since in conjunction with Assumption 2 it is typically satisfied under common distributions,
including the logistic and normal. This Assumption is similar to Fernández-Val and Weidner
(2016, Assumption 4.3(v)), which restricts the smoothness of the likelihood functions.

3.1 JMM

Recall that the JMM module gives (α̂, β̂) to start with. The next lemma concerns the
existence and uniqueness of α̂(β), as well as the convergence of αk(β) to α̂(β) via (4).

Lemma 1. If Assumptions 1–3 hold, then there exists a unique α̂(β) w.p.a.1 for each
β ∈ {β ∈ B| ∥β − β0∥2 < c} in a neighborhood around β0, where c > 0 is small but fixed.
Moreover, uniformly across all k, we have

∥αk+2(β)−αk+1(β)∥1 ≤ δ∥αk(β)−αk−1(β)∥1 and

∥αk+2(β)− α̂(β)∥1 ≤ δ∥αk(β)− α̂(β)∥1,

for some fixed constant δ ∈ (0, 1).
2Density of an undirected network is defined as ρn = N−1

∑n
i=1

∑
j>i yij , where N =

(
n
2

)
. A network is

dense if limn→∞ ρn ∈ [c1, c2] for some constant 0 < c1 ≤ c2 < 1.

12



Lemma 1 guarantees that α̂(β) = limk→∞αk(β) and that the ℓ1-distance between α̂(β)

and αk(β) decreases geometrically after every two iterations. Computing α̂(β) is fast in the
simulations, which is another advantage of our iterative algorithm. It is worth mentioning
that we deviate from the existing methods (e.g., Theorem 1.5 of Chatterjee et al., 2011
or the fixed point equation (17) of Graham, 2017) in this step by not requiring ϵij to be a
logistic random variable, nor the link formation process being TU. Instead, we use a gradient-
descent-type iterative algorithm (4) to compute α̂ (β) as a function of β and show that it is
a contraction mapping. As a result, it can accommodate general non-logistic link functions
and NTU.

Although α̂(β) is unique by Lemma 1 for any β that lies within a distance of c of β0,
in principle there could be multiple solutions to m2(α̂(β), β) = 0. The next identification
condition guarantees that any such β̂ is consistent for β0. To state the assumption, we define
the concentrated moment equation for β as

S̄n(β) :=

(
n

2

)−1

E[m2(α(β), β)|x,α0],

where α(β) is the unique solution to E[m1(α, β)|x,α0] = 0n, a result from the proof of
Lemma 1.

Assumption 4 (Identification of β0). Suppose for all δ > 0 and for n large enough

inf
β∈B:∥β−β0∥2≥δ

∥∥S̄n(β)
∥∥
2
> 0.

Assumption 4 identifies the low-dimensional parameter β0, as is extensively discussed in
Chen, Chernozhukov, Lee, and Newey (2014) for nonlinear models with high-dimensional
nuisance parameters. Assumption 4 is equivalent to assuming that β0 is the unique solution
to S̄n(β) = 0, which is similar to the widely imposed “unique minimizer” condition in M-
estimators literature, see van der Vaart (2000, Page 45).

Remark 3. To better understand Assumption 4, consider a (low-dimensional) linear panel
data model with individual fixed effects, yit = αi0 + x⊤

itβ0 + ϵit, i = 1, . . . , n, t = 1, . . . , T .
Suppose E[(1, x⊤

it)
⊤ϵit] = 0 in this model. Then, the expected concentrated moment function

is S̄n(β) = (nT )−1E
{∑

i,t

[
yit − αi(β)− x⊤

itβ
]
xit

}
, where αi(β) = αi0 + T−1

∑
t x

⊤
it(β0 − β)

is the solution to E
[∑

t(yit − x⊤
itβ − αi)

]
= 0, i = 1, . . . , n. Then S̄n(β) = (nT )−1

∑
i,t(xit −

x̄i) (xit − x̄i)
⊤ (β − β0) with x̄i = T−1

∑
t xit. Consequently, a sufficient condition for

Assumption 4 in this linear panel model example is that the smallest eigenvalue of
(nT )−1

∑
i,t(xit− x̄i) (xit − x̄i)

⊤ (which is the concentrated Jacobian matrix for β) is strictly
large than 0, which is quite weak.
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In the next theorem, we prove that β̂ is consistent for β0 and that α̂ is uniformly consistent
for α0 in the sup norm. Furthermore, we establish asymptotic normality for β̂.

Theorem 1. If Assumptions 1–4 hold, then

β̂
p→ β0, and ∥α̂−α0∥∞

p→ 0.

Furthermore, we have
√
N(β̂ − β0)− J−1

0 B0
d→ N (0,Ω0),

where J0, B0, and Ω0 are defined in (A22), (A1), and (A2), respectively.

Theorem 1 shows that the JMM estimator β̂ is asymptotically normal, but the limiting
distribution does not center around zero. The bias term J−1

0 B0 arises from estimating α0.
Incidental parameter problem is common in the literature of nonlinear panel fixed effects
regression with large N and T . Moreover, β̂ does not achieve the CRLB of I−1

0 . We refine β̂

by the following modules.

3.2 One-Step Estimator

The first refinement concerns achieving the CRLB. We follow Le Cam (1969)’s one-step
adjustment as in Module 2. Algebra shows

E
[
∂sn(α, β0)

∂α

∣∣∣x,α0

]
= 0n, E

[
∂sn(α, β0)

∂β

∣∣∣x,α0

]
= −In.

Therefore, a Taylor expansion on the right hand side of (6) yields

β̂OS − β0 ≈ In(α0, β0)
−1sn(α0, β0) (8)

in large samples. To establish (8) rigorously and hence the asymptotic normality of β̂OS,
we impose an additional assumption on the behavior of the information matrix (5). Let
wki(α, β) =

[
I12(α, β)⊤I11(α, β)−1

]
ki

, the (k, i)th element of I12(α, β)⊤I11(α, β)−1.

Assumption 5. For (α, β) ∈ A × B, 1 ≤ k ≤ K, and 1 ≤ i ̸= j ≤ n, suppose that
sup1≤k≤K,1≤i≤n |wki(α, β)| is O (1) and continuously differentiable in both arguments. Fur-
thermore, the following conditions on wki(α, β) are satisfied:

(a) sup1≤k≤K,1≤i≤n ∥∂wki(α, β)/∂β∥ = O(1),

(b) sup1≤k≤K,1≤i≤n |∂wki(α, β)/∂αi| = O(1),

(c) sup1≤k≤K,1≤i̸=j≤n |∂wki(α, β)/∂αj| = O(n−1).
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Assumption 5 is mild under sup1≤k≤K,1≤i≤n |wki(α, β)| = O(1). To gain some intuition
about Assumption 5(c), consider a classical linear panel data model with additive individual
fixed effects. If there is no interaction between i and j, then wki(α, β) depends only on αi

and β. Hence, |∂wki(α, β)/∂αj| = 0, satisfying Assumption 5(c). Therefore, Assumption
5(c) controls the extent to which wki(α, β) depends on αj for j ̸= i.

With Assumption 5 in position, we prove the limit distribution of β̂OS in the next theorem.

Theorem 2. If Assumptions 1–5 hold, then
√
N(β̂OS − β0)− I−1

0 b0
d→ N (0, I−1

0 ),

where I0 and b0 are defined in (A39) and (A34), respectively.

Theorem 2 shows β̂OS achieves the CRLB asymptotically. In the proof of Theorem 2,
we show that b0 is O(1) and depends on the covariance matrix between m1 and s1. It is
because our plug-in estimator for α is obtained from the moment estimating equation m1,
and the one-step estimator (6) uses information from s1 to concentrate out α. As a result,
the covariance between m1 and s1 determines the magnitude of the term b0 in the asymptotic
bias of Theorem 2.

3.3 Bagging

While reaching the CRLB, Theorem 2 reveals that β̂OS incurs an asymptotic bias. As
discussed in Module 3, one way to debias β̂OS is to use split-network jackknife to self-cancel
the leading bias. However, it doubles the asymptotic variance (see (A42)–(A43)) and suffers
from computational instability. The solution we propose is to use bagging on a split-network
jackknife estimator.

To motivate the bagging method, in theory there are a total of Tn :=
(

n
n/2

)
possible ways

to divide the network. However, Tn can be very large for a moderate sample size n. For
example, n = 100 produces Tn =

(
100
50

)
≃ 1.009 × 1029, which is an astronomical number.

We solve this problem by choosing T̃n ≪ Tn in the BG module. In the simulations, we set
T̃n = 2n and find that the results are robust to this choice.

The next theorem shows that when n and T̃n go to infinity, β̂BG is asymptotically normal,
unbiased, and efficient.

Theorem 3. If Assumptions 1–5 hold, then
√
N(β̂BG − β0)

d→ N (0, I−1
0 )

as n → ∞ and T̃n → ∞.
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Theorem 3 is the main theoretical result of this paper. A few remarks are in place
to discuss its implications and connections with the literature. First, β̂BG involves three
modules—JMM, OS, BG—which play different roles. Module JMM provides an initial con-
sistent yet biased estimator, which is fed into Module OS to achieve the CRLB. Module BG
corrects for the bias in the OS estimator via split-network jackknife while maintaining the
efficiency through bagging.

Second, a similar idea to β̂OS−SJ in a panel setting with fixed effects is presented in Dhaene
and Jochmans (2015). Although related, β̂BG is preferred over β̂OS−SJ because β̂OS−SJ has
an asymptotic variance of 2I−1

0 while β̂BG’s is I−1
0 .

Third, one may be inclined to apply BG to the initial JMM estimator directly and bypass
the one-step approximation. Indeed, BG can correct for the asymptotic bias of the JMM
estimator. However, the JMM-BG estimator is not efficient because the asymptotic variance
of the initial JMM estimator is preserved through the bagging procedure.

Finally, sample splitting across individuals introduces a degree of extra randomness,
which motivates Fernández-Val and Weidner (2016, Footnote 8) to suggest averaging of all
possible Tn partitions and point out that the average over T̃n ≪ Tn splits is sufficient. The
BG estimator in our context not only eliminates randomness from sample splitting but also
simultaneously achieves efficiency and bias correction. Furthermore, our Theorem 3 provides
formal asymptotic results to justify the use of the BG estimator.

4 Extensions

We have established the asymptotic properties of β̂BG for β0. The homophily coefficient is
interpretable and useful. For instance, it enables the comparison of the relative importance
of covariates underlying the formation of informal risk-sharing networks in rural villages.
Beyond the model parameters themselves, additional policy-relevant quantities—such as the
APEs—can be derived. This section establishes their theoretical properties. Furthermore,
the preceding results are derived under the assumption that the link function is correctly
specified. We examine the consequences of misspecification, and thereby assessing the ro-
bustness of the proposed method.

4.1 Average Partial Effects

In addition to α0 and β0, researchers and policy makers may be interested in estimating
certain averages over the distribution of exogenous regressors and fixed effects. One leading
example concerns the conditional mean of the outcome given covariates and individual fixed
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effects

E [Yij|Xij = xij,α] = F (x⊤
ijβ0 + αi)F (x⊤

ijβ0 + αj). (9)

Here, the partial effects are defined as the differences or derivatives of (9) with respect to
components of Xij, say Xij,k, the kth coordinate of Xij. We suppress its dependence on Y

and X and define the partial effect of xij,k for the dyad (i, j) as

∆ij,k(αi, αj, β) =

pij(αi, αj, βk + x⊤
ij,−kβ−k)− pij(αi, αj, x

⊤
ij,−kβ−k) (b)

βk

[
f(x⊤

ijβ + αi)F (x⊤
ijβ + αj) + F (x⊤

ijβ + αi)f(x
⊤
ijβ + αi)

]
(c)

where “(b)” corresponds to binary xij,k while “(c)” refers to continuous xij,k. Define ∆ij =

(∆ij,1, . . . ,∆ij,K)
⊤. Then, the unconditional APEs are

δ0 = E

[
1

N

n∑
i=1

∑
j>i

∆ij(αi, αj, β0)

]
. (10)

Plugging the JMM estimator (α̂, β̂) into (10) yields an estimator for the APEs

δ̂ =
1

N

n∑
i=1

∑
j>i

∆ij(α̂i, α̂j, β̂).

Define an (infeasible) ∆̄n = 1
N

∑n
i=1

∑
j>i∆ij(αi0, αj0, β0). Let the split-jackknife estima-

tor and the bagging estimator of the APE be

δ̂SJ := 2δ̂ − 1

2
(δ̂1 + δ̂2) and δ̂BG :=

1

T̃n

T̃n∑
t=1

δ̂
(t)
SJ ,

respectively. Here, (δ̂1, δ̂2) are the plug-in estimators based on two sub-networks after a
random split of the nodes and {δ̂(t)SJ}

T̃n
t=1 are split-network jackknife estimators based on T̃n

random splits. The next theorem shows that δ̂ is asymptotically unbiased. We use a central
limit theorem for U-statistics (van der Vaart, 2000, Theorem 12.3) to prove it. To state the
result precisely, we incorporate the asymptotically vanishing bias terms, as in Fernández-
Val and Weidner (2016, Theorem 4.2), and establish that δ̂SJ and δ̂BG offer no meaningful
improvement over δ̂. Sections 5 and 6 present numerical evidence that supports this claim.

To state the next theorem, we define σδ,n := Σ∆

N
+ 4Σδ

n
, where Σ∆ is defined in (A54) and

Σδ = E [∆ij(αi, αj, β0)∆ik(αi, αk, β0)]. Furthermore, let

Bα = lim
n→∞

1

2
√
N
Tr
[
J−1
11 V11

(
J−1
11

)⊤
Rµ

k

]
, Bβ := lim

n→∞
(∆⊤

β −∆⊤
αJ

−1
11 J12)J

−1
0 B0, (11)

where Rµ
k for k = 1, . . . , K and (∆α,∆β) are characterized in (A50) and (A47), respectively.

Theorem 4. If Assumptions 1–4 hold, the sequence {αi}i∈In is i.i.d., and ∆̄n is a non-
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degenerate U-statistic, then

σ
−1/2
δ,n

(
δ̂ − δ0 −

1√
N
Bβ −

1√
N
Bα

)
d→ N (0, IK), and (12)

σ
−1/2
δ,n

(
δ̂BG − δ0

)
d→ N (0, IK).

In Theorem 4, the rate of convergence of δ̂ (and δ̂BG) is
√
n instead of

√
N . The slower

convergence rate in (12) makes the bias terms introduced by estimating the individual fixed
effects asymptotically negligible. Note that Bβ originates from the bias of the plug-in es-
timator β̂ whereas Bα arises from the incidental parameter bias of the plug-in estimator
α̂.

For the components of σδ,n, Σ∆ is the asymptotic variance of
√
N(δ̂ − ∆̄n) and Σδ is the

asymptotic variance of
√
n(∆̄n − δ0). Σδ can be estimated by

Σ̂δ =

(
n

3

)−1 n∑
i=1

∑
j>i

∑
k>j

[
∆ij(α̂i, α̂j, β̂)− δ̂

] [
∆ik(α̂i, α̂k, β̂)− δ̂

]
,

which is consistent by the law of large numbers for U-statistics. Although the variance term
Σ∆/N is dominated asymptotically by 4Σδ/n in (12), we find in simulations that including
it improves the coverage probabilities.

Remark 4. If one is interested in ∆̄n, the asymptotic result becomes
√
N(δ̂ − ∆̄n)−Bβ −Bα

d→ N (0,Σ∆),

which generalizes Theorem 2 of Chen et al. (2021) to the NTU setting.

4.2 Link Function Misspecification

Our analysis so far relies on the correct specification of the link function F (·). A natural
question is what if F (·) is misspecified? Graham (2024) provides an insightful analysis for
sparse bipartite network models. However, this question has not been studied yet in the
literature of dyadic network formation models with NTU. In this subsection, we present
theoretical properties of our JMM, OS, and BG estimators under such misspecification.

First, we analyze the pseudo values that our estimators β̂ and β̂OS converge to under
misspecification of the link function. Suppose researchers misspecify the distribution function
of ϵij to be G(·) which differs from F (·) at points with strictly positive probability measure.
For a fixed n, we impose the following identification assumption to facilitate the analysis.
Let qij(α, β) := G(αi + x⊤

ijβ)G(αj + x⊤
ijβ) be the misspecified probability of linking between

i and j.
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Assumption 6 (Identification under Link Function Misspecification). For a fixed n, the
nonlinear function

S̃n(β) :=
n∑

i=1

∑
j>i

[pij − qij(α(β), β))] xij (13)

has a unique root βn∗, and satisfies

inf
β∈B:∥β−βn∗∥2≥δ

∥∥∥S̃n(β)
∥∥∥
2
> 0

for all δ > 0 and sufficiently large n, where α(β) is the unique solution to the following
system of equations(∑

j ̸=1 p1j −
∑

j ̸=1 q1j(α, β), · · · ,
∑

j ̸=n pnj −
∑

j ̸=n qnj(α, β)
)⊤

= 0. (14)

Assumption 6 is the counterpart of Assumption 4 under a misspecified link function. Sim-
ilarly to Lemma 1, (14) has a unique solution with high probability under mild conditions
on (α0, β0) and β. Thus, Assumption 6 identifies the homophily parameter under link func-
tion misspecification. Notice that βn∗ depends on the true link function F (·), misspecified
link function G(·), and the true parameter values. As a result, βn∗ may vary with n. The
following theorem shows that the JMM estimator based on the misspecified link function
G (·) is centered at βn∗ up to a bias, which the split-network jackknife procedure removes
asymptotically. Let α∗ := α(βn∗) with α (·) satisfying (14).

In the next Theorem, J∗, B∗, and Ω∗ are defined analogously to J0, B0, and Ω0 in
Theorem 1, but with the pseudo values (α∗, βn∗) and the misspecified link function G(·)
replacing (α0, β0) and F (·), respectively. Furthermore, the sandwich-form variance Ω∗ can
be consistently estimated as in (A3).

Theorem 5 (JMM Estimation under Link Function Misspecification). If Assumptions 1–3
and 6 hold, then

√
N(β̂ − βn∗)− J−1

∗ B∗
d→ N (0,Ω∗) .

Theorem 5 establishes that, if the researcher assumes the moment equations hold in pop-
ulation, the JMM estimator β̂ remains robust to link function misspecification. In particular,
β̂ is consistent for βn∗, the unique solution to the pseudo-population moment equations (13).

Under the link function misspecification, the one-step estimator becomes

β̂OS := β̂ − H(α̂, β̂)−1sn(α̂, β̂), (15)

with the JMM estimator (α̂, β̂) substituted in. Note that

H(α, β) := H22(α, β)−H12(α, β)⊤H22(α, β)−1H12(α, β), (16)
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is the concentrated Hessian matrix with the full expression in Appendix A.1, and

sn(α, β) := s2(α, β)−H12(α, β)⊤H11(α, β)−1s1(α, β),

is the concentrated score function. Under link function misspecification, β̂OS in (15) centers
around

βn♯ := βn∗ − H(α∗, βn∗)
−1Esn(α∗, βn∗), (17)

which can be seen as a projection of βn∗ by concentrating out the fixed effects. When
the link function is correctly specified, (α∗, βn∗) ≡ (α0, β0), thus βn♯ ≡ βn∗ ≡ β0 because
Esn(α∗, βn∗) = Esn(α0, β0) ≡ 0. Furthermore, our OS and BG estimators in the misspecified
case share similar asymptotic properties from their counterparts when the link function is
correctly specified, except that they now center around the projected pseudo value βn♯ instead
of β0.

For the next theorem, let H∗ = plimn→∞H(α∗, βn∗), and define b∗ similarly to b0, but
with (α∗, βn∗) and the misspecified link function G(·). The asymptotic covariance matrix Γ∗

is

Γ∗ := lim
n→∞

N−1H−1
∗

[
I22∗ +H⊤

12∗H
−1
11∗I11∗(H

−1
11∗H

⊤
12∗)

⊤

−H⊤
12∗H

−1
11∗I12∗ − (H⊤

12∗H
−1
11∗I12∗)

⊤

]
(H−1

∗ )⊤. (18)

Theorem 6 (OS and BG Estimation under Misspecified Link Function). Suppose all the
bounds in Assumption 5 hold for each element of H⊤

12H
−1
11 . If Assumptions 1–3 and 6 are

satisfied, then
√
N(β̂OS − βn♯)− H−1

∗ b∗
d→ N (0,Γ∗) and

√
N(β̂BG − βn♯)

d→ N (0,Γ∗).

We point out that the limits of the variance term and Hessian term are functions of
(α∗, βn∗) because βn♯ is a function of (α∗, βn∗) by (17). Theorem 6 demonstrates that β̂BG

serves as a robust estimator for common parameters in the following sense. If the link
function is correctly specified, β̂BG centers around β0 without bias and achieves the CRLB
asymptotically. Otherwise, β̂BG centers around a projected pseudo value with no asymptotic
bias. Finally, we can estimate I∗ by Î = s(α̂, β̂)s(α̂, β̂)⊤ and H∗ by plugging (α̂, β̂) into
(16), which together give a consistent estimator for Γ∗ by (18).

To summarize, we extend our analysis beyond the core parameters of interest. We first
establish that APEs can be consistently estimated, with the plug-in, SJ, and bagging proce-
dures yielding asymptotically unbiased estimators whose slower

√
n-convergence rate renders

the incidental parameter bias negligible. We then show that, under link function misspecifi-
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cation, the JMM, OS, and BG estimators remain well-behaved by converging to pseudo-true
values, with the bagging estimator in particular providing robustness and efficiency, thereby
ensuring the practical relevance of the methodology in both well-specified and misspecified
settings.

5 Monte Carlo Simulations

Building on the theoretical properties established above, we now turn to Monte Carlo
simulations to evaluate the finite-sample performance of our estimators. We first assess the
accuracy of the JMM, OS, and BG estimators for β0, and then examine how well the method
recovers the individual fixed effects α0 and the APEs. Finally, we study the robustness of
our estimators under link function misspecification and in sparser network settings.

The data generating process (DGP) is as follows. We set β0 = (1,−1)⊤, and draw the
first covariate of Xij as X1,ij

i.i.d.∼ Bernoulli(0.3), X1,ij = X1,ji. This way, we allow for discrete
variable in Xij. For the second covariate of Xij, we draw Xi

i.i.d.∼ U(−0.5, 0.5) and let X2,ij =

|Xi−Xj|. Next, we generate the individual fixed effects by setting αi = 0.75×Xi+0.25×ξi,
where ξi

i.i.d.∼ U(−0.5, 0.5) and is independent of all other variables so that αi and Xij are
correlated via Xi. We independently draw the idiosyncratic shock to each dyad, ϵij, from
the standard logistic distribution, and obtain the outcome of each ij pair by

Yij = 1(αi +X⊤
ijβ0 − ϵij > 0) · 1(αj +X⊤

jiβ0 − ϵji > 0).

For all the simulations in this paper, we run R = 1, 000 replications. For the baseline
results, we set n = 100 and 200, which is comparable to the size of the data used in our
empirical applications. To further investigate the performance of the estimator of the high-
dimensional fixed effects, we also let n = 500 and 1, 000. We report the mean and median
bias, standard deviation, mean and median absolute bias, and the root mean squared error
(RMSE) across replications.

5.1 Main Estimation Results: β0 and α0

Table 1 reports the results of estimating the common parameter β0 for n = 100 and 200

when the network has a density of 25%. Here are the main observations when n = 100.
First, in terms of the bias, the BG estimator performs significantly better than JMM and
OS, which is consistent with Theorem 3. Second, BG works very well in simultaneously
achieving bias-correction and low standard deviation, leading to the lowest RMSE.3 Third,

3Though not reported in the tables, we find that SJ (without BG) doubles the variance of JMM and OS
estimators in the simulations, which is in line with the theory.
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Table 1: Baseline estimation results for β0

n = 100
JMM OS BG

β1 β2 β1 β2 β1 β2

Mean Bias 3.04 -2.88 2.91 -2.82 -0.26 0.28
Median Bias 3.02 -3.45 2.87 -3.61 -0.22 -0.34
Standard Deviation 5.94 13.49 5.91 13.52 5.73 13.18
Mean Standard Error 5.68 12.96 5.68 12.93 5.68 12.93
Mean Absolute Bias 5.38 11.15 5.32 11.16 4.59 10.58
Median Absolute Bias 4.53 9.31 4.37 9.38 4.01 9.25
RMSE 6.67 13.8 6.59 13.81 5.74 13.18
90% Coverage Rate 84.5 87.8 85.2 87.7 90.1 88.8
95% Coverage Rate 91.0 93.7 91.3 93.6 94.8 94.5

n = 200
JMM OS BG

β1 β2 β1 β2 β1 β2

Mean Bias 1.42 -1.71 1.37 -1.66 -0.17 -0.14
Median Bias 1.47 -2.03 1.37 -1.81 -0.19 -0.29
Standard Deviation 2.89 6.52 2.88 6.50 2.84 6.40
Mean Standard Error 2.78 6.36 2.78 6.34 2.78 6.34
Mean Absolute Bias 2.59 5.40 2.56 5.36 2.29 5.08
Median Absolute Bias 2.26 4.60 2.18 4.50 1.93 4.21
RMSE 3.22 6.74 3.19 6.70 2.85 6.40
90% Coverage Rate 84.4 88.0 84.6 88.2 89.7 90.0
95% Coverage Rate 90.6 94.1 90.8 94.1 95.2 95.7

Note: All values have been multiplied by 100.

the coverage probabilities of the confidence intervals constructed using the asymptotic dis-
tribution of each estimator are close to their nominal levels. Finally, the mean standard
errors implied by the asymptotic theory are close to the standard deviations computed from
the Monte Carlo simulations across all estimators. We also find that the quantiles of the
empirical distributions for all estimators are well approximated by the same quantiles of the
corresponding asymptotic normal distributions. These results further support our theoreti-
cal findings. When n = 200, the performance of all the estimators improve. The RMSE’s,
for example, are about half the size of those when n = 100, which is expected given the√
N -convergence rate and

√
N = O (n). The coverage probabilities also improve.

Given the large number of individual fixed effects, we plot in Figure 2 the histogram of
α̂i − αi0 for i ∈ In. All the histograms are well centered around 0. As n increases, the
performance of α̂i improves. Moreover, the range of estimation errors shrinks toward zero
as the sample size increases, consistent with our theoretical predictions.
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Figure 2: Histograms of α̂−α0 for different n

5.2 Extended Estimation Results: APEs, Link Function Misspeci-

fication, and Sparser Network

Table 2 summarizes the APEs for each coordinate of Xij defined in (10). Our plug-in
estimator performs well with respect to RMSE and coverage probabilities. When applied to
the estimation of APEs, the split-network jackknife bagging method does not yield mean-
ingful improvement. As predicted by Theorem 4, the asymptotic bias in estimating APEs is
asymptotically negligible, of a smaller order than the bias in estimating β0.

Table 2: Estimation results for the APEs

n = 100 n = 200

Plug-in Bagging Plug-in Bagging

Xij,1 Xij,2 Xij,1 Xij,2 Xij,1 Xij,2 Xij,1 Xij,2

Mean Bias -0.28 0.14 -0.06 -0.16 -0.14 0.07 -0.02 -0.06
Median Bias -0.32 0.07 -0.06 -0.15 -0.14 0.14 -0.02 -0.01
Standard Deviation 1.41 2.73 1.44 2.79 0.75 1.42 0.77 1.45
Mean Standard Error 1.48 2.85 1.48 2.85 0.75 1.42 0.75 1.42
Mean Absolute Bias 1.14 2.21 1.14 2.26 0.61 1.12 0.62 1.14
Median Absolute Bias 0.97 1.87 0.91 1.92 0.52 0.93 0.52 0.97
RMSE 1.44 2.74 1.44 2.80 0.77 1.42 0.77 1.45
90% Coverage Rate 91.0 92.1 91.3 91.3 90.0 90.6 88.7 89.1
95% Coverage Rate 95.3 96.5 95.9 96.2 94.8 94.8 94.9 94.5

Note: All values have been multiplied by 100; true values of APEs are calibrated from a
simulation with n = 10, 000 agents.

Table 3 presents the results for estimating the homophily coefficients under misspeci-
fication of the distribution of ϵij. We draw ϵij from the standard normal distribution, but
“mistakenly” specify the logistic link function in the estimation. We compare β̂ to the pseudo
true value βn♯ defined in (17) and find that the results are satisfactory. The performance
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of our BG estimator dominates other estimators in terms of bias, variance, and coverage
probabilities, highlighting the efficacy and importance of employing proper bias-correction
procedures.

Table 3: Estimation results for β0 under link function misspecification

n = 100
JMM OS BG

β1 β2 β1 β2 β1 β2

Mean Bias 6.11 -5.70 6.47 -5.50 -0.25 0.87
Median Bias 6.08 -5.68 6.48 -5.56 -0.25 0.83
Standard Deviation 6.34 15.10 6.36 15.00 6.09 14.41
Mean Standard Error 6.21 14.57 6.36 14.82 6.36 14.82
Mean Absolute Bias 7.22 12.79 7.46 12.66 4.84 11.49
Median Absolute Bias 6.43 11.02 6.62 10.60 4.11 9.80
RMSE 8.81 16.14 9.08 15.97 6.09 14.43
90% Coverage Rate 74.0 87.3 73.1 88.3 90.8 91.7
95% Coverage Rate 84.1 93.0 84.8 93.5 96.9 95.5

n = 200
JMM OS BG

β1 β2 β1 β2 β1 β2

Mean Bias 2.81 -2.94 2.96 -2.73 -0.17 0.14
Median Bias 2.90 -3.11 3.10 -2.86 -0.01 0.06
Standard Deviation 3.05 7.66 3.04 7.61 2.98 7.48
Mean Standard Error 3.04 7.48 3.06 7.51 3.06 7.51
Mean Absolute Bias 3.45 6.62 3.54 6.50 2.36 5.94
Median Absolute Bias 3.11 5.89 3.22 5.63 1.97 4.98
RMSE 4.15 8.20 4.24 8.09 2.98 7.48
90% Coverage Rate 75.7 86.1 75.2 87.5 90.2 90.6
95% Coverage Rate 84.7 92.9 83.9 92.9 95.6 95.7

Note: All values have been multiplied by 100.

Finally, we examine the performance of the method in networks with fewer links on
average. To this end, we lower all αi’s by one, resulting in a network density of 8.6%. As
reported in Table 4, network sparsity worsens the performance of all estimators. Nevertheless,
the BG estimator continues to outperform the others across nearly all metrics.

6 Empirical Applications

This section presents two empirical applications. First, we apply our method to the
Nyakatoke risk-sharing network dataset (De Weerdt, 2004). Our empirical findings com-
plement Gao et al. (2023) by showing that wealth difference has no statistically significant
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Table 4: Estimation results for β0 under a sparser network

n = 100
JMM OS BG

β1 β2 β1 β2 β1 β2

Mean Bias 4.47 -8.25 5.17 -5.15 -0.23 0.18
Median Bias 4.46 -8.02 5.06 -4.94 -0.31 0.50
Standard Deviation 7.47 17.80 7.49 17.95 7.08 17.00
Mean Standard Error 7.40 17.91 7.42 17.93 7.42 17.93
Mean Absolute Bias 7.01 15.82 7.35 15.03 5.64 13.70
Median Absolute Bias 6.02 13.46 6.22 13.05 4.72 11.79
RMSE 8.70 19.62 9.10 18.67 7.09 17.00
90% Coverage Rate 84.5 85.3 82.3 88.1 91.4 91.2
95% Coverage Rate 91.1 93.4 90.0 94.7 96.4 96.8

n = 200
JMM OS BG

β1 β2 β1 β2 β1 β2

Mean Bias 1.89 -3.60 2.15 -2.21 -0.35 0.29
Median Bias 1.97 -3.64 2.21 -2.42 -0.25 0.07
Standard Deviation 3.73 8.69 3.71 8.71 3.63 8.50
Mean Standard Error 3.59 8.73 3.60 8.72 3.60 8.72
Mean Absolute Bias 3.35 7.57 3.46 7.22 2.90 6.79
Median Absolute Bias 2.88 6.51 3.01 6.28 2.48 5.82
RMSE 4.18 9.40 4.29 8.99 3.65 8.51
90% Coverage Rate 83.4 87.0 82.6 89.3 89.4 90.9
95% Coverage Rate 90.4 93.1 89.9 94.1 94.5 96.0

Note: All values have been multiplied by 100.

impact on the link formation. Second, we use the India microfinance network dataset (Baner-
jee et al., 2013) to study the influence of caste and various measures of wealth difference on
forming an information and favor link between households. We find that while belonging
to the same caste has a significantly positive effect, the relationship becomes more nuanced
when considering wealth differences among households.

6.1 Nyakatoke Risk-Sharing Network

6.1.1 Data

The network data of Nyakatoke, located in the Kagera Region of Tanzania, covers a
small Haya community of all 119 households. We investigate how important are wealth
difference, distance, and blood or religious ties in deciding the formation of risk-sharing links
among local residents. The dataset includes the following variables: (i) whether or not two
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households are linked in the insurance network, (ii) total USD assets and religion of each
household, (iii) kinship and distance between households. To define the dependent variable
link, each household was asked:

“Can you give a list of people from inside or outside of Nyakatoke, who you can personally
rely on for help and/or that can rely on you for help in cash, kind or labor? ”

The data contains three answers of “bilaterally mentioned”, “unilaterally mentioned”, and
“not mentioned” between each pair of households. Considering the question is about whether
one can rely on the other for help, we interpret both “bilaterally mentioned” and “unilaterally
mentioned” as they are connected in this undirected network. In the context of the village
economies, the risk-sharing links are unlikely to be driven by efficient arrangements of side-
payment transfers, thereby satisfying NTU.

We estimate the coefficients for three regressors: wealth difference, distance and tie be-
tween households. Wealth is defined as the total assets in USD owned by each household,
including livestocks, durables and land. Distance measures how far away two households
are located in kilometers. Tie is a discrete variable, with the value “3” if members of one
household are parents, children and/or siblings of members of the other household, “2” if
nephews, nieces, aunts, cousins, grandparents and grandchildren, “1” if any other blood re-
lation applies or if two households share the same religion, and “0” if no blood religious tie
exists. Following the literature we take natural logarithm on wealth and distance, and we
construct the wealth difference variable as the absolute difference in wealth, i.e.,

Xij = (|ln (wealthi)− ln (wealthj)| , ln (distanceij) , tieij)
⊤ .

Five households in the data have no information on wealth and/or distance. We drop
these observations, resulting in a sample size n = 114, which creates a network data of
N = 12, 882 observations. Table 5 reports the summary statistics.

Table 5: Summary statistics for the Nyakatoke network

Variables Mean Std. Dev. Min Max

link 0.0732 0.2606 0 1
(ln) wealth difference 1.0365 0.8228 0.0004 5.8898
(ln) distance 6.0553 0.7092 2.6672 7.4603
tie 0.4260 0.6123 0 3
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6.1.2 Results and Discussion

Table 6 presents the estimation results for the homophily coefficients and the APEs. The
estimated coefficient for wealth difference is negative using all three methods. However, we
cannot reject the null that it is zero based on the test using the asymptotic distribution of the
BG estimator. To interpret this result, consider two scenarios. First, when two households
have similar wealth levels, everything else being equal, they may still be reluctant to form
a risk-sharing link since neither household would likely have sufficient capacity to insure
the other against unpredictable shocks, such as natural disasters or severe illnesses. Sec-
ond, consider households with substantial wealth differences. In this case, according to the
link formation rule (7) under NTU, the linking decision is primarily driven by the wealthier
household. Here, link formation is again unlikely because the richer household’s expected
surplus from the risk-sharing arrangement would typically be negative. Thus, the net effect
of absolute wealth difference on link formation is expected to be close to zero. Clearly, the
requirement for bilateral agreement to form a link under NTU plays a crucial role in both sce-
narios. Our estimates of the homophily coefficient for wealth difference align well with these
explanations. While Gao et al. (2023) also obtain a negative coefficient for wealth difference,
they do not provide inference results, given their emphasis on semiparametric identification.
In contrast, our framework leverages the link function to conduct comprehensive inference,
thereby quantifying the statistical uncertainty of the estimates. This contribution makes our
paper complementary to theirs

In addition to the wealth difference, under BG the coefficient for distance is significantly
negative at -0.8187, and that of tie is significantly positive at 0.5817. The results are intuitive.
We further report the APEs in the last two columns of Table 6. We find that the APE of
wealth difference is not significant based on either the plug-in or the bagging estimator.
Distances between households and social ties, on the other hand, matter more significantly
in terms of the APE.

Finally, we estimate the individual fixed effects αi and plot their distribution in Figure
3. We find that most estimated fixed effects are in the range of [2, 4], although some exceed
this range, reflecting heterogeneity in unobserved household characteristics.

6.2 India Microfinance Network

6.2.1 Data

The Indian microfinance network dataset of Banerjee et al. (2013) is based on a de-
tailed survey of villagers in India, which records their daily interactions and demographic
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Table 6: Estimation results for the Nyakatoke network

Variables Coefficients APEs

JMM OS BG Plug-in Bagging

(ln) wealth difference -0.0882 -0.0974 -0.0777 -0.0065 -0.0083
(0.0676) (0.0641) (0.0641) (0.0052) (0.0052)

(ln) distance -0.7824 -0.8636 -0.8187 -0.0576 -0.0641
(0.0530) (0.0536) (0.0536) (0.0065) (0.0065)

Tie 0.6714 0.6287 0.5817 0.0514 0.0501
(0.0546) (0.0556) (0.0556) (0.0059) (0.0059)

Note: Standard errors are reported in the parentheses.
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Figure 3: Histogram of α̂ for the Nyakatoke network

information such as caste, family size, and wealth. The survey covers 89.14% of the 16,476
households across 75 villages. Village sizes vary, with an average of 220 households. This
yields a total of N =

∑75
r=1

(
nr

2

)
= 1, 238, 970 links in the full sample.

For the dependent variable, we follow Chandrasekhar and Jackson (2025) and consider
two types of links: an “information link,” defined when two households exchange advice, and
a “favor link,” defined when they borrow or lend material goods. Both are binary variables
corresponding to Yij in (2). As for the covariates, we use six dyadic variables that are
constructed based on the demographics of each household. The first set of covariates is
binary, taking the value 1 if two households share the same characteristics and 0 otherwise.
These binary characteristics include (i) what caste group the household belongs to, (ii)
whether the household has access to electricity, (iii) what type of latrine the household uses,
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and (iv) whether the household owns or rents a house. The second set of covariates includes
the absolute differences in the number of beds and rooms between pairs of households.
Summary statistics for these variables are reported in Table 7.

Table 7: Summary statistics for the Indian networks

Variable Mean Std. Dev. Min Max

Information link (Dependent Variable 1) 0.0330 0.1787 0 1
Favor link (Dependent Variable 2) 0.0388 0.1932 0 1
Same caste 0.4828 0.4997 0 1
Same electricity 0.5244 0.4994 0 1
Same latrine 0.6201 0.4854 0 1
Same ownrent 0.8488 0.3583 0 1
Bed number difference 1.0371 1.4439 0 50
Room number difference 1.2789 1.2898 0 18

6.2.2 Estimation Results

We estimate α0 and β0 for each of the 75 villages, for both the information and favor
networks, using our BG estimator. Figures 4 and 5 present histograms of the village-level
t-statistics, computed from the BG estimator β̂BG and compared with their asymptotic
distribution, for the information and favor networks, respectively. Figures 4 and 5 show the
distributions of the estimated fixed effects α̂i for each network.

We highlight several findings. For the first four binary covariates labeled with “same,”
which capture whether two households share a characteristic, the BG estimates β̂BGare gen-
erally significantly positive in both networks. Most corresponding t-statistics exceed 1.645,
the 95th percentile of the standard normal distribution. Intuitively, households with the
same caste, access to electricity, latrine, or housing tenure are more likely to be linked. By
contrast, the BG estimates for the last two discrete covariates—differences in the number
of beds and rooms—are negative in both networks, indicating that greater differences in
these characteristics reduce the likelihood of connection. Moreover, the t-statistics for “same
caste” are much larger in absolute value than those for the other covariates, showing that
caste plays a crucial role in link formation in Indian villages. Finally, Figures 6a and 6b
reveal substantial heterogeneity in the distributions of the estimated fixed effects α̂i across
individuals, underscoring the importance of incorporating fixed effects in the model.
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Figure 4: Histograms of t-statistics for the information network
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7 Conclusion

In this paper, we propose a bagging estimator for the homophily coefficients in a dyadic
network formation model. The estimator is asymptotically efficient, a property implied by
Le Cam (1969)’s result on the one-step approximation to the ML estimator, and it is unbiased
owing to the use of bagging in the split-network jackknife procedure. We also estimate
the high-dimensional individual fixed effects and establish their consistency. In addition,
we extend the framework to study the average partial effects (APEs) and link function
misspecification. Extensive simulations show that the estimators perform well under various
settings. Finally, two empirical applications—the Nyakatoke risk-sharing network and the
Indian microfinance network—demonstrate the practical relevance of our approach.

This paper serves as a stepping stone toward more flexible models. Our theory currently
relies on an additive specification of the utility surplus for each individual (e.g., αi0 + x⊤

ijβ0)
and correct specification of the link function distribution F (·). Relaxing these assumptions
would enhance robustness, and the insights from the sieve MLE literature (Shen, 1997; Chen,
2007) could be useful. Moreover, as noted in the introduction, our focus on dyadic link
formation under NTU excludes interdependence in link preferences. An important direction
for future work is to develop tests for this assumption in dyadic network formation models.
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Appendix

A Matrices and Lemmas

In this Appendix, we first give explicit formulas for the various matrices used in the
main text. Then, we present several lemmas that are used in the following proofs. We write
“an ≍ bn” to denote an = O(bn) and bn = O(an) simultaneously. We use C1, C2, . . . to
represent strictly positive and finite constants.

A.1 Definitions of Matrices in the Main Text

Let the Jacobian matrix of m(α, β) be

J(α, β) := ∇m(α, β) =

(
∇α⊤m1(α, β) ∇β⊤m1(α, β)

∇α⊤m2(α, β) ∇β⊤m2(α, β)

)
=:

(
J11(α, β) J12(α, β)

J21(α, β) J22(α, β)

)
,

where we separate it into four blocks according to the variables of differentiation. In Ap-
pendix A, we provide explicit expressions for these blocks. It is worth emphasizing that
J11(α, β) ̸= J11(α, β)⊤ and J12(α, β) ̸= J21(α, β)⊤, and thus J(α, β) is asymmetric. The
consequence of the asymmetry is that m(α, β) can not be written as a gradient function of
any scalar-valued criterion function.

The concentrated Jacobian matrix for β is defined as

Jn(β) :=
∂m2(α̂(β), β)

∂β
= J22(α̂(β), β)− J21(α̂(β), β)J−1

11 (α̂(β), β)J12(α̂(β), β).

Then, we let

V := Var
(
m(α, β)|x,α0

)
=

(
Var(m1) Cov(m1,m2)

Cov(m1,m2)
⊤ Var(m2)

)
:=

(
V11 V12

V⊤
12 V22

)
be the covariance matrix of m(α, β). As we show in Appendix A, V does not depend on
the unknown parameter (α, β) because, as a covariance matrix, the demeaning operation
cancels them out. Define

Bk0 = lim
n→∞

1

2
√
N

Tr
[
J−1
11 V11

(
J−1
11

)⊤
Rk

]
(A1)

where Rk is defined by (A25) in the Appendix B. Let B0 = (B10, . . . , BK0)
⊤ and the limiting

variance matrix be

Ω0 := lim
n→∞

N−1J−1
0

[
V22 + J21J

−1
11 V11(J21J

−1
11 )

⊤ − J21J
−1
11 V12 − (J21J

−1
11 V12)

⊤] (J−1
0 )⊤,

(A2)
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where J0 is the probability limit of N−1Jn(β0). We discuss J0 in more details in Appendix B.
If α0 is known, the asymptotic variance of β̂ − β0 reduces to J−1

22 V22J
−1
22 , and the additional

terms in (A2) arise from estimating α0.
Next, we derive the explicit expressions of the matrices introduced above.

Jacobian matrix. First, J11(α, β) is an n × n matrix whose off-diagonal and diagonal
elements are given by

[J11(α, β)]ij = −Fij(α, β)fji(α, β), 1 ≤ i ̸= j ≤ n and

[J11(α, β)]ii = −
∑
j ̸=i

fij(α, β)Fji(α, β), i ∈ In,

respectively. Clearly, [J11(α, β)]ij ̸= [J11(α, β)]ji. Moreover, a specific relationship holds
between the diagonal and off-diagonal elements, i.e.,

[J11(α, β)]ii =
∑
j ̸=i

[J11(α, β)]ji , i ∈ In.

Hence, J11(α, β)⊤ is asymmetric and diagonally dominant with strictly positive entries by
Assumption 3. We prove that J11(α, β) is invertible under Assumptions 2–3 in Lemma A2.
Next, J12(α, β) is an n×K matrix whose ith is

−
∑
j ̸=i

[fij(α, β)Fji(α, β) + Fij(α, β)fji(α, β)] x⊤
ij.

Similarly, J21(α, β) is a K × n matrix and its ith column is −
∑

j ̸=i fij(α, β)Fji(α, β)xij.

Finally,

J22(α, β) = −
n∑

i=1

∑
j ̸=i

fij(α, β)Fji(α, β)xijx
⊤
ij

is a K ×K matrix.

Variance matrix of moment equations. V11(α, β) is an n×n matrix whose off-diagonal
and diagonal elements are

[V11(α, β)]ij =pij(α, β)(1− pij(α, β)), 1 ≤ i ̸= j ≤ n and

[V11(α, β)]ii =
∑
j ̸=i

pij(α, β)(1− pji(α, β)), i ∈ In,

respectively. V12 is an n×K matrix whose ith row is
∑

j ̸=i pij(α, β)(1−pij(α, β))x⊤
ij. Finally,

V22 =
∑n

i=1

∑
j>i pij(α, β)(1− pij(α, β))xijx

⊤
ij.
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Hessian matrix. For H11(α, β), an n× n matrix, it has entries:

[H11(α, β)]ij =− fij(α, β)fji(α, β)

(1− pij(α, β))2
, 1 ≤ i ̸= j ≤ n,

[H11(α, β)]ii =
∑
j ̸=i

[
−

f 2
ij(α, β)Fji(α, β)

Fij(α, β)(1− pij(α, β))
+ (yij − pij(α, β))

×
f
(1)
ij (α, β)Fij(α, β)(1− pij(α, β))− f 2

ij(α, β)(1− 2pij(α, β))

F 2
ij(α, β)(1− pij(α, β))2

]
,

i ∈ In.

Next, H12(α, β) is an n×K matrix and its ith row is∑
j ̸=i

[
−(1− yij)

fij(α, β)fji(α, β)

(1− pij(α, β))2
−

f 2
ij(α, β)Fji(α, β)

Fij(α, β)(1− pij(α, β))

+(yij − pij(α, β))
f
(1)
ij (α, β)Fij(α, β)(1− pij(α, β))− f 2

ij(α, β)(1− 2pij(α, β))

Fij(α, β)2(1− pij(α, β))2
x⊤
ij

]
.

Finally, H22(α, β) equals
n∑

i=1

∑
j ̸=i

[
− (1− yij)

fij(α, β)fji(α, β)

(1− pij(α, β))2
−

f 2
ij(α, β)Fji(α, β)

Fij(α, β)(1− pij(α, β))

+ (yij − pij(α, β))

×
f
(1)
ij (α, β)Fij(α, β)(1− pij(α, β))− f 2

ij(α, β)(1− 2pij(α, β))

F 2
ij(α, β)(1− pij(α, β))2

xijx
⊤
ij

]
.

Information matrix. First, I11(α, β) is an n× n matrix whose off-diagonal elements and
diagonal elements are

[I11(α, β)]ij =
fij(α, β)fji(α, β)

1− pij(α, β)
, 1 ≤ i ̸= j ≤ n, and

[I11(α, β)]ii =
∑
j ̸=i

f 2
ij(α, β)Fji(α, β)

Fij(α, β)(1− pij(α, β))
, i ∈ In,

respectively. Next, I12(α, β) is an n×K matrix whose ith row is∑
j ̸=i

[
fij(α, β)fji(α, β)

1− pij(α, β)
+

f 2
ij(α, β)Fji(α, β)

Fij(α, β)(1− pij(α, β))

]
x⊤
ij.
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Finally, I22(α, β) is
n∑

i=1

∑
j ̸=i

[
fij(α, β)fji(α, β)

1− pij(α, β)
+

f 2
ij(α, β)Fji(α, β)

Fij(α, β)(1− pij(α, β))

]
xijx

⊤
ij.

In what follows, we apply the mean value theorem for vector-valued functions in its
integral form, as in Chatterjee et al. (2011). For example,

m1(α̂, β)−m1(α, β) =

[∫ 1

0

J11(α+ t(α̂−α), β)dt

]
(α̂−α) =: J◦

11(α̂,α; β) (α̂−α) .

We write J◦
11(α̂,α; β) as J◦

11(α̂,α) whenever there is no confusion, and other integral form
Jacobian matrices are defined similarly. Notice that for each fixed t ∈ (0, 1), we have
[J11(α+ t(α̂−α), β)]ii =

∑
j ̸=i [J11(α+ t(α̂−α), β)]ji, so

[J◦
11(α̂,α)]ii =

∫ 1

0

∑
j ̸=i

[J11(α+ t(α̂−α), β)]ji dt =
∑
j ̸=i

[J◦
11(α̂,α)]ji ,

which implies J◦
11(α̂,α) inherits the property of being diagonally dominant from J11(α +

t(α̂−α), β).

Sandwich form covariance matrix estimator under link function misspecification.
Statistical inference for the JMM estimator under link function misspecification requires an
estimator of the limiting covariance matrix Ω∗. Let mij(α̂, β̂) be an (n + K) × 1 vector
where: (i) the ith and jth elements are both yij − qij(α̂, β̂); (ii) the (n+ 1)th to (n+K)th
elements are the vector of [yij − qij(α̂, β̂)]x⊤

ij; and (iii) the rest of the coordinates are zero.
Then, we use the plug-in estimator

V̂∗ :=
n∑

i=1

∑
j>i

mij(α̂, β̂)mij(α̂, β̂)⊤.

Further write submatrices of V̂∗ as V̂11∗, V̂12∗, V̂21∗, and V̂22∗, and similarly for Ĵ∗. Recall
that J∗ is the concentrated Jacobian matrix for βn∗. Then, we propose to estimate Ω∗ by

Ω̂∗ := N−1Ĵ−1
∗

[
V̂22∗ + Ĵ21∗Ĵ

−1
11∗V̂11∗(Ĵ

−1
11∗Ĵ21∗)

⊤ − Ĵ21∗Ĵ
−1
11∗V̂12∗ − (Ĵ21∗Ĵ

−1
11∗V̂12∗)

⊤
]
(Ĵ−1

∗ )⊤,

(A3)
which is consistent for Ω∗ by the law of large numbers.

A.2 Analytic Approximation of J−1
11 (α, β)

We adapt Theorem 1 of Yan (2019) to the NTU framework to analytically approximate
the inverse of the Jacobian matrix J11(α, β) and bound the approximation errors. Similar
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techniques have been used to prove asymptotic normality in network estimation problems;
see, for example, Yan and Xu (2013), Graham (2017), and Yan et al. (2019). We prove
that J11(α, β) is non-singular for n large enough and J−1

11 (α, β) is well approximated by a
diagonal matrix.

Lemma A1 (Yan, 2019). Suppose an n × n matrix A = (aij)n×n is invertible with all its
entries positive and aii ≥

∑
j ̸=i aji. Let B = [diag(a11, a22, . . . , ann)]

−1, ∆i = aii −
∑

j ̸=i aji,
M ≡ max{max1≤i̸=j≤n aij,maxi=1,...,n ∆i}, and m ≡ min1≤i̸=j≤n aij. If M ≍ 1 and m ≍ 1,
then we have

∥A−1 −B∥max = O(n−2). (A4)

Proof. The proof proceeds along the lines of Yan (2019). Let In be the n × n identity
matrix. Define

F = (fij)n×n = A−1 −B, U = (uij)n×n = In −AB, W = (wij)n×n = BU.

Then, we have

F = A−1 −B = (A−1 −B)(In −AB) +B(In −AB) = FU+W. (A5)

Some algebra leads to

uij = δij −
n∑

k=1

aikbkj = δij −
n∑

k=1

aik
δkj
ajj

= δij −
aij
ajj

= (δij − 1)
aij
ajj

, (A6)

and

wij =
n∑

k=1

bikukj =
n∑

k=1

δik
aii

(δkj − 1)
akj
ajj

=
(δij − 1)aij

aiiajj
.

Recall that m ≤ aij ≤ M and (n− 1)m ≤ aii ≤ (n− 1)M. When i ̸= j, we have

0 <
aij

aiiajj
≤ M

m2(n− 1)2
,

such that for i ̸= j ̸= k, the following bounds hold

wii = 0, |wij| ≤
M

m2(n− 1)2
, |wii − wik| = |wik| ≤

M

m2(n− 1)2
,

|wij − wik| ≤ max(wij, wik) ≤
M

m2(n− 1)2
.

It follows that

max(|wij|, |wij − wik|) ≤
M

m2(n− 1)2
, for all i, j, k.
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We use (A5) to obtain a bound for the approximate error ∥F∥max. By (A5) and (A6), for
any i ≤ n, we have

fij =
n∑

k=1

fikukj + wij =
n∑

k=1

fik(δkj − 1)
akj
ajj

+ wij. (A7)

Define fiθ = max1≤k≤n fik and fiξ = min1≤k≤n fik. First, we show that fiξ < 0. Since for any
fixed i, we have

n∑
k=1

fikaki =
n∑

k=1

(
[A−1]ik −

δik
aii

)
aki = 1− 1 = 0.

Hence, fiξ
∑n

k=1 aki ≤
∑n

k=1 fikaki = 0. So, we have fiξ < 0. Similarly, we have that fiθ > 0.

Recall that

aθθ =
∑
k ̸=θ

akθ +∆θ =
n∑

k=1

(1− δkθ)akθ +∆θ, hence, 1 ≡
n∑

k=1

(1− δkθ)
akθ
aθθ

+
∆θ

aθθ
(A8)

for any θ, which yields the following identities

fiξ =fiξ

[
n∑

k=1

(1− δkθ)
akθ
aθθ

+
∆θ

aθθ

]
=

n∑
k=1

fiξ(1− δkθ)
akθ
aθθ

+
fiξ∆θ

aθθ
,

fiξ =fiξ

[
n∑

k=1

(1− δkξ)
akξ
aξξ

+
∆ξ

aξξ

]
=

n∑
k=1

fiξ(1− δkξ)
akξ
aξξ

+
fiξ∆ξ

aξξ
, (A9)

where the first and second part of this equation use (A8) for aθθ and aξξ, respectively.
By combining (A7) with the first part of (A9) where we set j = θ in (A7), we have

fiθ + fiξ =
n∑

k=1

(fiξ − fik)(1− δkθ)
akθ
aθθ

+ wiθ +
fiξ∆θ

aθθ
. (A10)

Similarly, we have

2fiξ =
n∑

k=1

(fiξ − fik)(1− δkξ)
akξ
aξξ

+ wiξ +
fiξ∆ξ

aξξ
. (A11)

Subtracting (A11) from (A10), we have

fiθ−fiξ =
n∑

k=1

(fik−fiξ)

[
(1− δkξ)

akξ
aξξ

− (1− δkθ)
akθ
aθθ

]
+wiθ−wiξ+fiξ

(
∆θ

aθθ
− ∆ξ

aξξ

)
. (A12)

Let Ω = {k : (1 − δkξ)akξ/aξξ ≥ (1 − δkθ)akθ/aθθ} and define λ as the cardinality of Ω. By
the fact that 1 − δθθ = 0 and 1 − δξξ = 0, we have θ ∈ Ω and ξ ̸∈ Ω (here we assume that
θ ̸= ξ. Otherwise, when θ = ξ we have fiθ = fiξ = 0, which is trivial). Consequently, the
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cardinality satisfies 1 ≤ λ ≤ n− 1, and
n∑

k=1

(fik − fiξ)

[
(1− δkξ)

akξ
aξξ

− (1− δkθ)
akθ
aθθ

]
≤
∑
k∈Ω

(fik − fiξ)

[
(1− δkξ)

akξ
aξξ

− (1− δkθ)
akθ
aθθ

]
≤ (fiθ − fiξ)

[∑
k∈Ω akξ

aξξ
−
∑

k∈Ω(1− δkθ)akθ

aθθ

]
≤ (fiθ − fiξ)

[
λM

λM + (n− 1− λ)m
− (λ− 1)m

(λ− 1)m+ (n− λ+ 1)M

]
≤ (fiθ − fiξ)

{
nM − (n− 2)m

nM + (n− 2)m
+

(n− 2)Mm

[(n− 2)m+M ][(n− 2)m+ 2M ]

}
, (A13)

where the last inequality comes from equations (15)–(17) of Yan (2019), which is obtained
by a maximization with respect to λ. Because

fiξ

(
∆θ

aθθ
− ∆ξ

aξξ

)
≤ (fiθ − fiξ)

2M

m(n− 1)
. (A14)

Combining (A12), (A13), and (A14), we have

fiθ − fiξ ≤
maxi,j,k |wik − wiξ|

C(n,m,M)
≤ M

m2(n− 1)2C(n,m,M)
,

with

C(n,m,M) = 1− nM − (n− 2)m

nM + (n− 2)m
− (n− 2)Mm

[(n− 2)m+M ][(n− 2)m+ 2M ]
− 2M

m(n− 1)

=
2(n− 2)m

nM + (n− 2)m
− (n− 2)Mm

[(n− 2)m+M ][(n− 2)m+ 2M ]
− 2M

m(n− 1)

≍ 1.

provided that m/M ≍ 1. This proves that for each i, we have maxk=1,...,n |fik| ≤ fiθ − fiξ =

O(n−2) as m,M ≍ 1. Hence, we have shown ∥A−1 −B∥max = ∥F∥max = O(n−2).

Based on Lemma A1, we prove that J11(α, β) is non-singular for (α, β) ∈ A × B and
large n.

Lemma A2. If Assumptions 2 and 3 hold, for n large enough, the Jacobian matrix J11(α, β)

is invertible for all (α, β) ∈ A× B.

Proof of Lemma A2. We partition J11(α, β) into a block matrix as

J11(α, β) =

(
[J11(α, β)](1:n−1)×(1:n−1) [J11(α, β)](1:n−1)×n

[J11(α, β)]n×(1:n−1) [J11(α, β)]nn

)
,

7



where the subscript denotes the specific rows/columns that each sub-matrix includes. Recall
that [J11(α, β)]ii =

∑
j ̸=i [J11(α, β)]ji, the first sub-matrix [J11(α, β)](1:n−1)×(1:n−1) is strictly

diagonally dominant with all negative entries, hence it is non-singular. Lemma A1 demon-
strates that its inverse can be approximated by diag

(
[J11(α, β)]−1

11 , . . . , [J11(α, β)]−1
n−1n−1

)
with maximum entry-wise error of O(n−2). Under Assumptions 2 and 3, [J11(α, β)]ii ≍
−n, [J11(α, β)]ij ≍ −1, j ̸= i, and

[J11(α, β)]n×(1:n−1) [J11(α, β)]−1
(1:n−1)×(1:n−1) [J11(α, β)](1:n−1)×n

= [J11(α, β)]n×(1:n−1) diag
(
[J11(α, β)]−1

11 , . . . , [J11(α, β)]−1
n−1n−1

)
[J11(α, β)](1:n−1)×n

+O(n−2)× [J11(α, β)]n×(1:n−1) 11
⊤ [J11(α, β)](1:n−1)×n

=
∑
i̸=n

[J11(α, β)]ni [J11(α, β)]in∑
j ̸=i [J11(α, β)]ji

+O(n−2)

{∑
i̸=n

[J11(α, β)]ni

}
×

{∑
i̸=n

[J11(α, β)]in

}
= O(1)

Thus, we have

[J11(α, β)]nn − [J11(α, β)]n×(1:n−1) [J11(α, β)]−1
(1:n−1)×(1:n−1) [J11(α, β)](1:n−1)×n

≍− n−O(1) ̸= 0

for n large enough. Finally, by the formula for the determinants of block matrices, we have

det [J11(α, β)]

= det [J11(α, β)](1:n−1)×(1:n−1)

×
{
[J11(α, β)]nn − [J11(α, β)]n×(1:n−1) [J11(α, β)]−1

(1:n−1)×(1:n−1) [J11(α, β)](1:n−1)×n

}
̸= 0

for n large enough. Hence, J11(α, β) is invertible for large n.

For the inverse of J11(α, β), it is straightforward to verify that −J11(α, β) satisfies condi-
tions in Lemma A1. Let T(α, β) = [diag (J11(α, β))]−1. Applying Lemma A1 to −J11(α, β),
we have ∥[−J11(α, β)]−1 + T(α, β)∥max= O(n−2) under Assumptions 2 and 3. All of these
results could be applied to J◦

11(α̂,α), where T◦(α̂,α) denotes the diagonal approximation
for [J◦

11(α̂,α)]−1.

A.3 Deviation Bound

We derive several useful non-asymptotic deviation bounds in this subsection. The follow-
ing probabilities are defined conditional on α and x; for brevity, we suppress its conditioning
whenever it is clear from the context. Lemma A3 provides a bound on the deviation of the
weighted sum of centered Bernoulli random variables,

∑
j ̸=i λij(yij − pij). This result is used

extensively in the proof.
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Let {λij}ni,j=1 denote a sequence of bounded constants that satisfy maxi,j |λij| < C1.

Lemma A3. If Assumptions 2 and 3 hold, , then we have

Pr

{
max
1≤i≤n

1

n− 1

∣∣∣∣∣∑
j ̸=i

λij(yij − pij)

∣∣∣∣∣ > C1

√
6 log n

n− 1

}
≤ 2n−2. (A15)

Proof. First, notice that |λij(yij − pij)| < 2C1 because yij − pij ∈ (−1, 1); in addition, yij’s
are independent Bernoulli random variables with expectations pij. By Hoeffding’s inequality
(see Theorem 2.8 of Boucheron et al., 2013) for the sum of bounded and independent random
variables, we have

Pr

(
1

n− 1

∣∣∣∣∣∑
j ̸=i

λij(yij − pij)

∣∣∣∣∣ > t

)
≤ 2 exp

(
−(n− 1)t2

2C2
1

)
.

Letting t = C1

√
6(n− 1)−1 log n, we obtain

Pr

(
1

n− 1

∣∣∣∣∣∑
j ̸=i

λij(yij − pij)

∣∣∣∣∣ > C1

√
6 log n

n− 1

)
≤ 2n− 3(n−1)

n−1 = 2n−3.

By Boole’s inequality,

Pr

(
max
1≤i≤n

1

n− 1

∣∣∣∣∣∑
j ̸=i

λij(yij − pij)

∣∣∣∣∣ > C1

√
6 log n

n− 1

)
≤ n · 2n−3 = 2n−2. (A16)

We complete the proof.

Using Lemma A3, we can bound the estimation error of α̂(β0)−α0, which guarantees that
our moment estimator is consistent for α0 when β0 is known. This result can be strengthened
to prove the second part of Theorem 1, which we do in Appendix B.

Lemma A4. If Assumptions 2 and 3 hold, then we have

Pr

{∣∣∣∣∣ 1N
n∑

i=1

∑
j>i

λij(yij − pij)

∣∣∣∣∣ > C1

√
2 logN

N

}
≤ (n(n− 1))−1. (A17)

Proof. Similar to the proof of Lemma A3, by Hoeffding’s inequality, we have

Pr

(
1

N

∣∣∣∣∣
n∑

i=1

∑
j>i

λij(yij − pij)

∣∣∣∣∣ > t

)
≤ 2 exp

(
−Nt2

2C2
1

)
.

Letting t = C1

√
2 logN

N
, we obtain

Pr

(
1

N

∣∣∣∣∣
n∑

i=1

∑
j>i

λij(yij − pij)

∣∣∣∣∣ > C1

√
2 logN

N

)
≤ 2N−1 = (n(n− 1))−1.
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Lemma A5. If Assumptions 2 and 3 hold, with probability at least 1− 2n−2, we have

∥α̂(β0)−α0∥∞ = O

(√
log n

n

)
,

and ∥∥∥∥∥√n[α̂(β0)−α0] +

(
J11

n

)−1
m1(α0, β0)√

n

∥∥∥∥∥
∞

= O

(
log n√

n

)
. (A18)

Proof. The rest of proof is conditional on the following event, which happens with proba-
bility at least 1− 2n−2 by Lemma (A3):

En :=

{
max
1≤i≤n

1

n− 1

∣∣∣∣∣∑
j ̸=i

(yij − pij)

∣∣∣∣∣ ≤
√

6 log n

n− 1
= O

(√
log n

n

)}
.

For any finite n, a first-order Taylor expansion of the estimating equation for α̂(β0),
m1(α̂(β0), β0) = 0, around α0 gives

m1(α̂(β0), β0)−m1(α0, β0) = J◦
11(α̂(β0),α0) (α̂(β0)−α0)

which implies that

α̂(β0)−α0 = − [J◦
11(α̂(β0),α0)]

−1 m1(α0, β0)

because m1(α̂(β0), β0) = 0 by the definition of α̂(β0). Recall the diagonal approximation
of [J◦

11(α̂(β0),α0)]
−1 is T◦(α̂(β0),α0). By Lemma A1, we decompose α̂(β0) − α0 into two

parts and apply the triangle inequality:

∥α̂(β0)−α0∥∞
= ∥T◦(α̂(β0),α0)m1(α0, β0) + [J◦

11(α̂(β0),α0)−T◦(α̂(β0),α0)]m1(α0, β0)∥∞
≤ ∥T◦(α̂(β0),α0)m1(α0, β0)∥∞ + ∥[J◦

11(α̂(β0),α0)−T◦(α̂(β0),α0)]m1(α0, β0)∥∞
≤ ∥T◦(α̂(β0),α0)∥∞∥m1(α0, β0)∥∞ + ∥J◦

11(α̂(β0),α0)−T◦(α̂(β0),α0)∥∞∥m1(α0, β0)∥∞.

We analyze the two parts on the right hand side of the last line separately. For the first
part, notice that T◦(α̂(β0),α0) is a diagonal matrix and each diagonal element is of order
O(n−1) uniformly, hence ∥T◦(α̂(β0),α0)∥∞ = O(n−1). Recall the definition of m1(α0, β0)

and by Lemma A3, we obtain

∥T◦(α̂(β0),α0)∥∞∥m1(α0, β0)∥∞ = O(n−1) · max
1≤i≤n

∣∣∣∣∣∑
j ̸=i

(yij − pij)

∣∣∣∣∣ = O

(√
log n

n

)
.

For the second part, by Lemma A1, we have

∥J◦
11(α̂(β0),α0)−T◦(α̂(β0),α0)∥∞ ≤ n∥J◦

11(α̂(β0),α0)−T◦(α̂(β0),α0)∥max = O(n−1).
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Hence, we have

∥J◦
11(α̂(β0),α0)−T◦(α̂(β0),α0)∥∞∥m1(α0, β0)∥∞

= O(n−1) · max
1≤i≤n

∣∣∣∣∣∑
j ̸=i

(yij − pij)

∣∣∣∣∣ = O

(√
log n

n

)
.

Combining these two results, we have

∥α̂(β0)−α0∥∞ = O

(√
log n

n

)
.

We turn to the proof of (A18). By the second-order Taylor expansion, which is also used
in the proof of Lemma 6 of Graham (2017), we have

m1(α̂(β0), β0)−m1(α0, β0)

= J11(α0, β0)[α̂(β0)−α0] +
1

2

[
n∑

k=1

(α̂k(β0)− αk0)
∂J11(α̃

k, β0)

∂αk

]
[α̂(β0)−α0] (A19)

with the mean value α̃k lying between α̂(β0) and α0 and possibly varying with different k.
With a slight abuse of notation, we write all α̃k as α̃. Because only the kth row and the
kth column of J11(α, β) contain functions of αk, by a direct calculation we write the entries
of Λk :=

∂J11(α̃,β0)
∂αk

as

(Λk)pq = 0, p ̸= k and q ̸= k,

(Λk)kl = −fkl(α̃, β0)flk(α̃, β0), l ̸= k,

(Λk)lk = −f
(1)
kl (α̃, β0)Flk(α̃, β0), l ̸= k,

(Λk)kk = −
∑
p̸=k

f
(1)
kp (α̃, β0)Fpk(α̃, β0).

Hence, let Λ =
∑n

k=1(α̂k(β0)− αk0)
∂J11(α̃,β0)

∂αk
whose entries are

Λij = −(α̂i(β0)− αi0)fij(α̃, β0)fji(α̃, β0)− (α̂j(β0)− αj0)f
(1)
ji (α̃, β0)Fij(α̃, β0), i ̸= j,

Λii = −(α̂i(β0)− αi0)
∑
j ̸=i

f
(1)
ij (α̃, β0)Fji(α̃, β0)−

∑
k ̸=i

(α̂k(β0)− αk0)fik(α̃, β0)fki(α̃, β0).

Define the n× 1 vector

η :=
n∑

k=1

(α̂k(β0)− αk0)
∂J11(α̃, β0)

∂αk

[α̂(β0)−α0].
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Then, its ith element ηi can be calculated as

ηi = Λii · (α̂i(β0)− αi0) +
∑
j ̸=i

Λij · (α̂j(β0)− αj0)

= −
∑
j ̸=i

f
(1)
ij (α̃, β0)Fji(α̃, β0)(α̂i(β0)− αi0)

2

−
∑
j ̸=i

fij(α̃, β0)fji(α̃, β0)(α̂i(β0)− αi0)(α̂j(β0)− αj0)

−
∑
j ̸=i

f
(1)
ji (α̃, β0)Fij(α̃, β0)(α̂j(β0)− αj0)

2.

By Assumption 3, Fij, fij, f
(1)
ij are all bounded by some constants. So, we have

|ηi| ≤ 3(n− 1) ·O(1) · ∥α̂−α0∥2∞,

uniformly for i = 1, . . . , n, which implies that ∥η∥∞ ≤ 3(n− 1) · O(1) · O
(
logn
n

)
= O(log n)

because ∥α̂−α0∥∞ = O(
√

(log n)/n). By the triangle inequality,

∥J−1
11 η∥∞ = ∥Tη + (J−1

11 −T)η∥∞ ≤ (∥T∥∞ + ∥J−1
11 −T∥∞)∥η∥∞ = O

(
log n

n

)
.

Finally, by (A19), we have∥∥∥∥∥√n(α̂(β0)−α0) +

(
J11

n

)−1
m1(α0, β0)√

n

∥∥∥∥∥
∞

=

∥∥∥∥12√nJ−1
11 η

∥∥∥∥
∞

= O

(
log n√

n

)
.

B Proofs of Main Results

In this section, we prove Lemma 1 and Theorems 1–6.

B.1 Proof of Lemma 1

Before proving Lemma 1, we state a different version of Lemma 2.1 of Chatterjee et al.
(2011). Given δ > 0, we say an n× n matrix A belongs to the class Gn(δ) if ∥A∥1 ≤ 1, and
for each 1 ≤ i ̸= j ≤ n,

Aii ≤ δ, and Aij ≥ − δ

n− 1
.

Lemma A6. If A,B ∈ Gn(δ), we have

∥AB∥1 ≤ 1− 2(n− 2)

n− 1
δ2.

Proof. This is equivalent to proving if A,B ∈ Gn(δ), then ∥B⊤A⊤∥∞ ≤ 1− 2(n−2)
n−1

δ2, which
is a direct application of Lemma 2.1 of Chatterjee et al. (2011).
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We prove Lemma 1 based on this lemma.

Proof of Lemma 1. First, suppose a solution to m1(α, β) = 0 exists. Let G(α, α̂) be the
matrix whose (i, j)th element is

[G◦(α, α̂)]ij =

∫ 1

0

∂ri
∂αj

(tα+ (1− t)α̂)dt.

Then, by an integral type of mean value theorem, we have

r(α)− r(α̂) = G◦(α, α̂)(α− α̂).

Notice that for i ̸= j, ∂rj/∂αi = −(n− 1)fij(α, β)Fji(α, β) < 0; while for each i, ∂ri/∂αi =

1− (n− 1)
∑

j ̸=i fij(α, β)Fji(α, β) > 0. Moreover, for each i,

n∑
j=1

∣∣∣∣∂rj∂αi

∣∣∣∣ = ∂ri
∂αi

−
∑
j ̸=i

∂rj
∂αi

≡ 1.

For each i and any α, this proves
∑n

j=1|[G◦(α, α̂)]ji| = 1, i.e., ∥G◦(α, α̂)∥1 = 1. By As-
sumptions 2 and 3, we know that fij(α, β)Fji(α, β) ∈ [C1C2, (1−C1)(1−C2)], which implies

∂rj
∂αi

≤ −C1C2

n− 1
, and

∂ri
∂αi

≥ C1 + C2 − C1C2 ≥ C1C2,

where the last inequality holds because C1 +C2 ≥ 2
√
C1C2 ≥ 2C2C2 provided C1, C2 ≤ 1/2.

So, if we choose δ1 = C1C2 (≤ 1/4), it follows that [G◦(α, α̂)]ii < δ1 and [G◦(α, α̂)]ij > − δ1
n−1

. Therefore, we have proved G◦(α, α̂) ∈ Gn(δ).
By the updating algorithm (4), after every two updates, we have

∥αk+2(β)− α̂(β)∥1 = ∥r(r(αk(β)))− r(r(α̂(β)))∥1
= ∥G◦(r(αk(β)), α̂(β))(r(αk(β))− α̂(β))∥1
≤ ∥G◦(r(αk(β)), α̂(β))G◦(αk(β), α̂(β))(αk(β)− α̂(β))∥1
≤ ∥G◦(r(αk(β)), α̂(β))G◦(αk(β), α̂(β))∥1∥αk(β)− α̂(β)∥1

≤
(
1− 2(n− 2)

n− 1
δ21

)
∥αk(β)− α̂(β)∥1,

where the first equality holds by the fact that α̂(β) = r(α̂(β)) which implies α̂(β) is the
fixed point of the updating function, and the last inequality holds by Lemma A6. We write
δ := 1− 2(n−2)

n−1
δ21, and the second inequality of Lemma 1 follows.

The proof of the first inequality is identical to the argument above and is omitted for
conciseness.

By this result, r(α) is a contraction mapping for (α, β) ∈ A × B. So, if there exists
a solution α̂(β) ∈ A, the solution is unique. Now we show the existence of the solution,
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where the main technique is adapted from Yan et al. (2016) and Yan et al. (2019). Define
a sequence of Newton iterations α(k+1) = α(k) − J−1

11 (α
(k), β)m1(α

(k), β), and choose the
initial value as α(0) = α0. Following Proposition A.1 of Yan et al. (2016), in a convex subset
D ⊂ A that contains α0, to obtain the existence of the solution it is sufficient to establish
three facts: (1) J11(α, β) is Lipschitz continuous with Lipschitz constant of order O(n), (2)∥∥J−1

11 (α0, β)
∥∥
∞ = O(n−1), and (3)

∥∥J−1
11 (α0, β)m1(α0, β)

∥∥
∞ = O(∥β − β0∥2).

For the first fact, we calculate the derivative of J11(α, β) with respect to α:

∂J11,ij

∂αk

=



−
∑

j ̸=i
∂2pij
∂α2

i
i = j = k,

−∂2pij
∂αi

i ̸= j, k = i,

−∂2pij
∂αj

i ̸= j, k = j,

0 ortherise.

which implies that maxi
∑

j,k

∣∣∣∫ 1

0

∂J11,ij(tα1+(1−t)α2)

∂αk

∣∣∣ = O(n). Hence J11(α, β) is Lipschitz
continuous with Lipschitz constant O(n). The second fact is a direct application of the
inverse approximation Lemma A1. Finally, the third result follows from∥∥[J11(α0, β)]

−1m1(α0, β)
∥∥
∞

≤
∥∥[J11(α0, β)]

−1m1(α0, β0)
∥∥
∞ +

∥∥[J11(α0, β)]
−1 [m1(α0, β)−m1(α0, β)]

∥∥
∞

≤ op(1) +O (∥β − β0∥2)

= Op (∥β − β0∥2) ,

where the first inequality holds by the triangular inequality and the second inequality is
true by Lemma A3 and the Lipschitz continuity of F (·) under Assumption 3. Then, by an
application of Proposition A.1 of Yan et al. (2016), we have limk→∞α(k) exists and the limit
equals α̂(β) if ∥β − β0∥2 < c for some constant c > 0.

B.2 Proof of Theorem 1

We separate the proof into two parts: the first establishes consistency, and the second
establishes asymptotic normality.

B.2.1 Consistency

Recall the concentrated moment equation and its population counterpart are

Sn(β) :=

(
n

2

)−1

m2(α̂(β), β) and S̄n(β) :=

(
n

2

)−1

E[m2(α(β), β)|x,α0],
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respectively, where α(β) is the unique solution to E[m1(α, β)|x,α0] = 0. By Assumption 4,
β̂ and β0 are unique solutions to Sn(β) = 0 and S̄n(β) = 0, respectively.

First, we present a lemma to bound the difference between Sn(β) and S̄n(β) for β ∈ B.

Lemma A7. If Assumptions 1–4 hold, we have

sup
β∈B

∥∥Sn(β)− S̄n(β)
∥∥
2

p→ 0.

Proof. By the definitions of α̂(β) and α(β), we have m1(α̂(β), β) = 0 and
E[m1(α(β), β)|x,α0] = 0. Thus,∑

j ̸=i

(yij − pij)− (pij(α̂(β), β)− pij(α(β), β)) = 0, i = 1, . . . , n.

By an integral type mean-value theorem, we have

α̂(β)−α(β) = − [J◦
11(α̂(β),α(β))]−1m1(α0, β0).

Recall that J21(α, β) := ∂m2(α,β)
∂α⊤ . Therefore, we have

n∑
i=1

∑
j>i

(pij(α̂(β), β)− pij(α(β), β)) xij =m2(α(β), β)−m2(α̂(β), β)

=− J◦
21(α̂(β),α(β)) (α̂(β)−α(β))

=J◦
21(α̂(β),α(β)) [J◦

11(α̂(β),α(β))]−1 m1(α0, β0).

Straightforward algebra then shows

Sn(β)− S̄n(β)

=

(
n

2

)−1 n∑
i=1

∑
j>i

[yij − pij − (pij(α̂(β), β)− pij(α(β), β))] xij

=

(
n

2

)−1 n∑
i=1

∑
j>i

(yij − pij)xij −
(
n

2

)−1

J◦
21(α̂(β),α(β))J◦

11(α̂(β),α(β))−1m1(α0, β0)

=

(
n

2

)−1 n∑
i=1

∑
j>i

(yij − pij)xij −
(
n

2

)−1

J◦
21(α̂(β),α(β))T◦(α̂(β),α(β))m1(α0, β0)

+

(
n

2

)−1

J◦
21(α̂(β),α(β))

[
T◦(α̂(β),α(β))− J◦

11(α̂(β),α(β))−1
]
m1(α0, β0)

=: R1 +R2 +R3,

where T◦(α̂(β),α(β)) = [diag(J◦
11(α̂(β),α(β)))]−1 is the analytic approximation to

J◦
11(α̂(β),α(β)) by Lemma A1.
R1 is of order Op(

√
(logN)/N) by Lemma A4 and the fact that xij is bounded. For R2,
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notice that T◦(α̂(β),α(β)) is diagonal with [T◦(α̂(β),α(β))]ii = O(n−1) and each element
in J◦

21(α̂(β),α(β)) is of order O(n) uniformly. Thus, by Lemma A3, we have

∥R2∥∞ = Op

(
n−2 · n · n ·

√
log n

n

)
= Op

(√
log n

n

)
.

Finally for R3, we use Lemma A1 to bound it as

∥R3∥∞ ≤
(
n

2

)−1

· n2 · ∥J◦
21(α̂(β),α(β))∥max

· ∥T◦(α̂(β),α(β))− J◦
11(α̂(β),α(β))−1∥max · ∥m1(α0, β0)∥∞

= Op

(
n−2 · n2 · n · n−2 · n ·

√
log n

n

)
= Op

(√
log n

n

)
.

Moreover, all these bounds hold uniformly in β, thereby completing the proof.

Proof of the consistency part of Theorem 1. By the definitions of β̂ and β0, we have
Sn(β̂) = 0 and S̄n(β0) = 0. Combining this fact with Lemma A7, we have∥∥∥S̄n(β̂)

∥∥∥
2
=
∥∥∥S̄n(β̂)− Sn(β̂)

∥∥∥
2
≤ sup

β∈B

∥∥Sn(β)− S̄n(β)
∥∥
2

p→ 0. (A20)

Fix δ > 0. By Assumption 4, there exists an ϵ > 0 such that ∥β − β0∥2 ≥ δ implies∥∥S̄n(β)
∥∥
2
≥ ϵ, hence

Pr
(∥∥∥β̂ − β0

∥∥∥
2
≥ δ
)
≤ Pr

(∥∥∥S̄n(β̂)
∥∥∥
2
≥ ϵ
)
≤ Pr

(
sup
β∈B

∥∥S̄n(β)
∥∥
2
≥ ϵ

)
→ 0

by (A20).
We turn to the proof of the convergence of α̂ to α0 in the ℓ∞ norm. By the integral type

mean-value theorem, we have

α̂−α0 =− [J◦
11(α̂,α0)]

−1m1(α0, β̂)

=− [J◦
11(α̂,α0)]

−1m1(α0, β0)− [J◦
11(α̂,α0)]

−1
(
m1(α0, β̂)−m1(α0, β0)

)
(A21)

Following the proof of Lemma A5, we have
∥∥[J◦

11(α̂,α0)]
−1
∥∥
∞ = O (n−1) and

∥m1(α0, β0)∥∞ = Op

(√
n log n

)
, hence

∥∥[J◦
11(α̂,α0)]

−1 m1(α0, β0)
∥∥
∞

p→ 0. Thus, we only
need to show that O(n−1) · ∥m1(α0, β̂)−m1(α0, β0)∥∞

p→ 0. Notice that

∥m1(α0, β̂)−m1(α0, β0)∥∞

= max
1≤i≤n

∣∣∣∣∣∑
j ̸=i

[
pij(α0, β̂)− pij(α0, β0)

]∣∣∣∣∣
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≤ max
1≤i≤n

∥∥∥∥∥∑
j ̸=i

[
fij(α0, β̄)Fji(α0, β̄) + Fij(α0, β̄)fji(α0, β̄)

]
xij

∥∥∥∥∥
2

× ∥β̂ − β0∥2

= O(n)× op(1) = op (n) ,

where we use a Taylor expansion of pij(α0, β) around β0 (β̄ is the mean value which may
vary with i) and the fact that fij and Fij are bounded by Assumption 3.

B.2.2 Asymptotic Normality

Before we prove the asymptotic normality part of Theorem 1, we characterize the limit
of the concentrated Jacobian matrices. By Lemma A1,

N−1Jn(β) = N−1
[
J22(α̂(β), β)− J21(α̂(β), β)J11(α̂(β), β)−1J12(α̂(β), β)

]
= N−1J22(α̂(β), β)−N−1J21(α̂(β), β)T(α̂(β), β)J12(α̂(β), β)

−N−1J21(α̂(β), β)
(
J11(α̂(β), β)−1 −T(α̂(β), β)

)
J12(α̂(β), β) = Op(1).

Since β̂
p→ β0 and ∥α̂−α0∥∞ = op(1) by Theorem 1, we have

N−1Jn(β̄)
p→ J0 := plimn→∞N−1Jn(β0) (A22)

for any β̄ lies between β̂ and β0. The existence of J0 is guaranteed by the identification
Assumption 1.

Now, we turn to the proof of asymptotic normality of our moment estimators.

Proof of asymptotic normality part of Theorem 1. By a first-order Taylor expansion
of mn(β̂) = m2(α̂(β̂), β̂) around β0, we have

mn(β̂)−mn(β0) = Jn(β̄)(β̂ − β0),

where β̄ is the mean-value between β̂ and β0. By mn(β̂) = 0, we obtain
√
N(β̂ − β0) =− [N−1Jn(β̄)]

−1 1√
N
m2(α̂(β0), β0)

=− J−1
0

{
1√
N

n∑
i=1

∑
j>i

[yij − pij(α̂(β0), β0)] xij

}
+ op(1) (A23)

in view of (A22). Note that we cannot directly apply standard central limit theorem (CLT)
to the term in the curly bracket of (A23) because of the existence of α̂(β0). By a third-order
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Taylor expansion of α̂(β0) around α0, we have

1√
N

n∑
i=1

∑
j>i

[yij − pij(α̂(β0), β0)] xij

=
1√
N
m2(α0, β0) +

1√
N
J21(α0, β0)[α̂(β0)−α0]

+
1

2

{
− 1√

N

n∑
k=1

[α̂k(β0)− αk0]
n∑

i=1

∑
j>i

∂2pij(α0, β0)

∂αk∂α⊤ [α̂n(β0)−α0]xij

}

+
1

6

{
− 1√

N

n∑
k=1

n∑
l=1

[α̂k(β0)− αk0][α̂l(β0)− αl0]
n∑

i=1

∑
j>i

∂3pij(ᾱn, β0)

∂αk∂αl∂α⊤ [α̂n(β0)−αn0]xij

}
=: (I) + (II) + (III) + (IV ) .

(A24)
We first handle the last term (IV ). Since pij(α, β) only contains αi and αj, the last term

(IV ) equals

(IV ) = − 1

6
√
N

N∑
i=1

∑
j>i



(α̂i − αi0)
3∂

3pij(ᾱ, β0)

∂α3
i

+ (α̂j − αj0)
3∂

3pij(ᾱ, β0)

∂α3
j

+3

(
(α̂i − αi0)

2(α̂j − αj0)
∂3pij(ᾱ, β0)

∂α2
i ∂αj

)
+3

(
(α̂i − αi0)(α̂j − αj0)

2∂
3pij(ᾱ, β0)

∂α2
j∂αi

)


xij.

By Lemma A5, supi |α̂i(β0) − αi0| = Op(
√

(log n)/n). Notice that ∂3pij(ᾱn,β0)

∂α2
i ∂αj

xij is bounded
under Assumptions 2 and 3. Thus, we have

(IV ) = Op

(
1√
N

· n(n− 1)

2
·
(
log n

n

)3/2
)

= Op

(
(log n)3/2

n1/2

)
= op(1).

For (III), we substitute the asymptotic linear approximation of
√
n[α̂(β0)−α0] into it.

After some algebra, its kth entry, which involves several third-order derivatives, equals

− 1

2
√
N

Tr
[
J−1
11 V11

(
J−1
11

)⊤
Rk

]
+ op(1),

where the elements of Rk for k = 1, . . . , K are

(Rk)ij =
∂2pij(α0, β0)

∂αi∂αj

xij,k, 1 < i ̸= j < n,

(Rk)ii =
∑
j ̸=i

∂2pij(α0, β0)

∂2αi

xij,k, i = 1, . . . , n.
(A25)

Recalling the definition of Bk0 in (A1), it follows that (III) = −B0 + op(1).
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We directly substitute the rest of terms, (I) and (II), into (A23) and obtain
√
N(β̂ − β0)− J−1

0 B0

=− J−1
0

{
1√
N
m2(α0, β0) +

1√
N
J21(α0, β0)[α̂(β0)−α0]

}
+ op(1)

=− J−1
0

{
1√
N
m2(α0, β0)−

1√
N
J21J

−1
11 m1(α0, β0)

}
+ op(1).

(A26)

To apply the CLT to the first two terms of (A26), we verify the Lindeberg condition. Define

1√
N

n∑
i=1

∑
j>i

ξij :=− J−1
0

1√
N

{
n∑

i=1

∑
j>i

(yij − pij)xij −
1√
N
J21J

−1
11 m1(α0, β0)

}

=− J−1
0

1√
N

n∑
i=1

∑
j>i

(yij − pij)x̃ij,

(A27)

where x̃ij represents the sum of the two multipliers to (yij − pij). Hence, (A27) is a weighted
sum of yij−pij by the definitions of each component of J21J

−1
11 m1(α0, β0) at the beginning of

Section A. By Assumptions 2 and 3, we have ∥x̃ij∥∞ < ∞. For yij−pij, they are independent
across dyads (i, j), 1 ≤ i < j ≤ n conditional on (x,α), and are bounded by [−1, 1]. Thus,
the Lindeberg condition is satisfied.

Further notice that the variance of m2(α0, β0) − J21J
−1
11 m1(α0, β0) is V22 +

J21J
−1
11 V11(J

−1
11 )

⊤J⊤
21 − J21J

−1
11 V12 − (J21J

−1
11 V12)

⊤. By the Lindeberg-Feller CLT, we have√
N(β̂ − β0)− J−1

0 B0
d→ N (0,Ω0), where Ω0 is defined in (A2).

B.3 Proof of Theorem 2

First, we characterize the partial derivatives of sn(α, β) with respect to α and β. We
rewrite sn(α, β) as

sn(α, β) = s2(α, β)−
n∑

i=1

s1i(α, β)wi(α, β), (A28)

where wi(α, β) is the ith column of I12(α, β)⊤I11(α, β)−1. Taking derivatives, we have

∇α⊤sn(α, β) = H12(α, β)⊤ − I12(α, β)⊤I11(α, β)−1H11(α, β)−
n∑

i=1

s1i(α, β)
∂wi(α, β)

∂α⊤ ,

and

∇β⊤sn(α, β) = H22(α, β)− I12(α, β)⊤I11(α, β)−1H12(α, β)−
n∑

i=1

s1i(α, β)
∂wi(α, β)

∂β⊤ .

We prove the following lemma.
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Lemma A8. If Assumptions 1–5 hold, for any β̃ such that ∥β̃−β0∥2 = Op(N
−1/2), we have

1√
N
∇α⊤sn(α̂(β0), β0) [α̂(β0)−α0]

p→ b0, (A29)

and
1

N
∇β⊤sn(α̂(β̄), β̄) +

1

N
∇α⊤sn(α̂(β̄), β̄)

∂α̂(β̄)

∂β⊤ + I0
p→ 0, (A30)

where β̄ lies in the segment between β̃ and β0 and b0 is a K × 1 vector of bias terms whose
kth element is bk0 = limn→∞

1√
N

Tr[J−1
11 Cov(m1, s1)Wk].

Proof. By the definitions of H12(α, β) and I12(α, β), we have

H12(α, β) + I12(α, β) =


∑

j ̸=1[y1j − p1j(α, β)]z1jx
⊤
1j

...∑
j ̸=n[ynj − pnj(α, β)]znjx

⊤
nj

 ,

where zij =
f
(1)
ij Fij(1−pij)−f2

ij(1−2pij)+F 2
ijfijfji

F 2
ij(1−pij)2

. Clearly, N−1/2 ∥H12(α0, β0) + I12(α0, β0)∥max =

op(1) by Lemma A5. Hence, by the continuous mapping theorem (CMT) and the fact that
∥α̂(β0)−α0∥∞ = op(1), we have

1√
N

∥H12(α̂(β0), β0) + I12(α̂(β0), β0)∥max

≤ 1√
N

∥H12(α̂(β0), β0)−H12(α0, β0)∥max +
1√
N

∥I12(α̂(β0), β0)− I12(α0, β0)∥max

+
1√
N

∥H12(α0, β0) + I12(α0, β0)∥max = op(1).

Similarly, we obtain

1√
N

∥∥I12(α̂(β0), β0)
⊤I11(α̂(β0), β0)

−1[H11(α̂(β0), β0) + I11(α̂(β0), β0)]
∥∥
max

= op(1).

Combining these two bounds, we have

1√
N

∥∥H12(α̂(β0), β0)
⊤ − I12(α̂(β0), β0)

⊤I11(α̂(β̄), β0)
−1H11(α̂(β0), β0)

∥∥
max

≤ 1√
N

∥∥H12(α̂(β0), β0) + I12(α̂(β0), β0)
⊤∥∥

max

+
1√
N

∥∥I12(α̂(β0), β0)
⊤I11(α̂(β0), β0)

−1 [H11(α̂(β0), β0) + I11(α̂(β0), β0)]
∥∥
max

= op(1).

(A31)
By Lemma A5, we have

∥∥α̂(β0)−α0 + J−1
11 m1(α0, β0)

∥∥
∞ = op(n

−1/2), which implies that
for any deterministic vector ∥c∥2 = 1,

√
nc⊤(α̂(β0)−α0) = Op(1). (A32)
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Combining (A31) and (A32) yields

1√
N
[H12(α̂(β0), β0)

⊤ − I12(α̂(β0), β0)I11(α̂(β0), β0)
−1H11(α̂(β0), β0)](α̂(β0)−α0) = op(1).

(A33)
Next, similarly to the process of finding the bias term in the proof of Theorem 1, we have

− 1√
N

n∑
i=1

s1i(α̂(β0), β0)
∂wki(α̂(β0), β0)

∂α⊤ (α̂(β0)−α0)

=
1√
N

n∑
i=1

s1i(α̂(β0), β0)
∂wki(α̂(β0), β0)

∂α⊤ J11(α̂(β0),α0)
−1m1(α0, β0)

=
1√
N
s1(α̂(β0), β0)

⊤Wk(α̂(β0), β0)J11(α̂(β0),α0)
−1m1(α0, β0)

=
1√
N
s⊤1 WkJ

−1
11 m1 + op(1),

where [Wk(α, β)]ij = ∂wki(α,β)
∂αj

and the last equality holds by ∥α̂(β0) − α0∥∞ = op(1) and
the CMT.

The asymptotic bias b0 := (b10, . . . , bK0)
⊤ for the one-step estimator is defined as

bk0 = lim
n→∞

1√
N

Tr[J−1
11 Cov(m1, s1)Wk], k = 1, . . . , K, (A34)

where the entries of the n× n covariance matrix Cov(m1, s1) are

[Cov(m1, s1)]ij =E

[(∑
k ̸=i

(yik − pik)

)(∑
k ̸=j

fjk(yjk − pjk)

Fjk(1− pjk)

)]

=
fjiVar(yij)

Fji(1− pij)
= fjiFij, 1 ≤ i ̸= j ≤ n, (A35)

[Cov(m1, s1)]ii =E

[(∑
k ̸=i

(yik − pik)

)(∑
k ̸=i

fik(yik − pik)

Fik(1− pik)

)]

=
∑
k ̸=i

fikVar(yik)

Fik(1− pik)
=
∑
k ̸=i

fikFki, 1 ≤ i ≤ n.

We show that bk0 = O(1) for all k. Notice that [Cov(m1, s1)]ij ≍ 1 and [Cov(m1, s1)]ii ≍ n

uniformly by (A35). By Assumption 5, [Wk(α, β)]ij = O(n−1) and [Wk(α, β)]ii = O(1)

uniformly. By A1, J−1
11 can be approximated by the diagonal matrix T = [diag(J11)]

−1 with
∥J−1

11 −T∥max = O(n−2). Thus, uniformly for all i, we have

1√
N
[J−1

11 Cov(m1, s1)Wk]ii

=
1√
N
[TCov(m1, s1)Wk]ii +

1√
N
[(J−1

11 −T)Cov(m1, s1)Wk]ii
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= O(n−1 · n−1) · [Cov(m1, s1)Wk]ii +O(n−1 · n−2) · [1n1
⊤
nCov(m1, s1)Wk]ii

= O(n−2) ·O(n) +O(n−3) ·O(n2) = O(n−1).

Taking the trace on both sides, we have 1√
N

Tr[J−1
11 Cov(m1, s1)Wk] = O(n−1) · n = O(1).

Because bk0 is the limit of 1√
N

Tr[J−1
11 Cov(m1, s1)Wk], it is also O(1). Next, we have

− 1√
N
s⊤1 WkJ

−1
11 m1 =

1√
N
Tr(J−1

11 m1s
⊤
1 Wk)

=
1√
N

Tr[J−1
11 Cov(m1, s1)Wk] +

{
1√
N
Tr(J−1

11 m1s
⊤
1 Wk)−

1√
N

Tr[J−1
11 Cov(m1, s1)Wk]

}
(A36)

= R1 +R2.

Notice that R1 → bk0 by definition. By the law of large numbers for U-statistics, R2
p→ 0

under Assumption 5. By (A33) and (A36), we have

1√
N
∇α⊤sn(α̂(β0), β0)(α̂(β0)−α0)

=
1√
N
[H12(α̂(β0), β0)

⊤ − I12(α̂(β0), β0)
⊤I11(α̂(β0), β0)

−1H11(α̂(β0), β0)](α̂(β0)−α0)

− 1√
N

n∑
i=1

s1i(α̂(β0), β0)
∂wi(α̂(β0), β0)

∂α⊤ (α̂(β0)−α0)
p→ b0,

which proves (A29).
We now turn to prove (A30). Similarly to the characterization of the probability limit of

N−1In(α̂, β̂SJ), we have

1

N

[
H22(α, β)− I12(α, β)⊤I11(α, β)−1H12(α, β)

]
= Op(1).

Then, by the law of large numbers,

1

N

[
H22(α̂(β̄), β̄)− I12(α̂(β̄), β̄)⊤I11(α̂(β̄), β̄)−1H12(α̂(β̄), β̄)

] p→ −I0.

By (A21) with β̂ replaced by β0, we have ∥α̂(β0)−α0∥∞ = Op(
√
(log n)/n). Combine this

with Lemma A4 and we have∥∥∥∥∥ 1

N

n∑
i=1

s1i(ᾱ, β̄)
∂wi(ᾱ, β̄)

∂β⊤

∥∥∥∥∥
∞

≤

∣∣∣∣∣ 1N
n∑

i=1

s1i(ᾱ, β̄)

∣∣∣∣∣×
∥∥∥∥∂wi(ᾱ, β̄)

∂β

∥∥∥∥
∞

= op(1).

Hence,
1

N
∇β⊤sn(α̂(β̄), β̄) + I0 = op(1). (A37)
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Finally, by (A31) and an argument identical to the proof of (A29), we have

1

N
∇α⊤sn(α̂(β̄), β̄)

∂α̂(β̄)

∂β⊤ =
1

N
∇α⊤sn(α̂(β̄), β̄)J11(α̂(β̄), β̄)−1J12(α̂(β̄), β̄) = op(1). (A38)

Combining (A37) and (A38) completes the proof of (A30).

By directly applying this lemma, we establish the asymptotic normality of β̂OS.

Proof of Theorem 2. First, by the definition of β̂OS, we have β̂OS = β̂+In(α̂, β̂)−1sn(α̂, β̂)

with the JMM estimator α̂ := α̂(β̂) and β̂. Similar to the proof of Theorem 1, we apply a
first-order Taylor expansion of sn(α̂, β̂) around β0, followed by a first-order Taylor expansion
of sn(α̂(β0), β0) around α0. Together with the fact that

N−1In(α̂, β̂)
p→ I0, (A39)

we obtain
√
N(β̂OS − β0)

=
1√
N
I−1
0 sn(α̂(β0), β0)

+ I−1
0

[
1

N
∇β⊤sn(α̂(β̄), β̄) +

1

N
∇α⊤sn(α̂(β̄), β̄)

∂α̂(β̄)

∂β⊤ + I0

]√
N(β̂ − β0) + op(1)

=
1√
N
I−1
0 sn(α0, β0) +

1√
N
I−1
0 ∇α⊤sn(ᾱ, β0)(α̂(β0)−α0)

+ I−1
0

[
1

N
∇β⊤sn(α̂(β̄), β̄) +

1

N
∇α⊤sn(α̂(β̄), β̄)

∂α̂(β̄)

∂β⊤ + I0

]√
N(β̂ − β0) + op(1).

(A40)

By (A29) of Lemma A8, we have 1√
N
∇α⊤sn(ᾱ, β0)(α̂(β0) − α0)

p→ b0. By (A30) of Lemma
A8,

1

N
∇β⊤sn(α̂(β̄), β̄) +

1

N
∇α⊤sn(α̂(β̄), β̄)

∂α̂(β̄)

∂β⊤ + I0 = op(1).

Hence, using the result that
√
N(β̂ − β0) = Op(1) by Theorem 1, we simplify (A40) as

√
N(β̂OS − β0) =

1√
N
I−1
0 sn(α0, β0) + I−1

0 b0 + op(1)

=
1√
N
I−1
0

n∑
i=1

∑
j>i

sij(α0, β0) + I−1
0 b0 + op(1), (A41)

where sij(α0, β0) is dyad (i, j)’s contribution to the asymptotic representation. Then, by
the Lindeberg-Feller CLT, as in the proof of Theorem 1, we have the stated asymptotic
normality.
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B.4 Proof of Theorem 3

Proof. We define β̂Tn = 1
Tn

∑Tn

s=1 β̂
(s)
OS−SJ as the average of all possible OS-SJ estimators.

Let Fn be the σ-algebra generated by all observed information. It is clear that β̂Tn is
Fn–measurable. Let E∗ represent the expectation over randomness from the random splits
conditional on Fn. Our proof has contains two immediate results: (i)

√
N(β̂Tn − β0)

d→
N (0, I−1

0 ) as n → ∞; (ii)
√
N(β̂BG − β̂Tn)

p→ 0 as n → ∞ and T̃n → ∞. Theorem 3 follows
by a combination of these two results.
Step (i). By (A41), we have

√
N(β̂OS − β0) = I−1

0 b0 +
1√
N
I−1
0

∑
(i,j)∈In×In;j>i

sij(α0, β0) +R(y,x,α0),

where R(y,x,α0) is a residual term of order op(1), as shown in the proof of Lemma A8.
Thus, the one-step estimators based on sub-networks are√

N/4(β̂
(t)
OS,1−β0) = I−1

0 b0+
1√
N/4

I−1
0

∑
(i,j)∈I(t)

1,n×I(t)
1,n;j>i

sij(α0, β0)+R(y
(t)
1 ,x

(t)
1 ,α

(t)
0,1), (A42)

√
N/4(β̂

(t)
OS,2−β0) = I−1

0 b0+
1√
N/4

I−1
0

∑
(i,j)∈I(t)

2,n×I(t)
2,n;j>i

sij(α0, β0)+R(y
(t)
2 ,x

(t)
2 ,α

(t)
0,2), (A43)

where α
(t)
0,1 is the sub-vector of α0 indexed by I(t)

1,n and similarly for α
(t)
0,2. . Hence, we have

√
N(β̂

(t)
OS−SJ − β0) =

2√
N
I−1
0

∑
(i,j)∈I(t)

1,n×I(t)
2,n

sij(α0, β0) +R(t)(y,x,α0), (A44)

with R(t)(y,x,α0) := 2R(y,x,α0)−
[
R(y

(t)
1 ,x

(t)
1 ,α

(t)
0,1) +R(y

(t)
2 ,x

(t)
2 ,α

(t)
0,2)
]
/2, which is also

op(1). Notice that R(t)(y,x,α0) is a continuous and bounded function of its arguments,
which implies max1≤t≤Tn

∥∥R(t)(y,x,α0)
∥∥
2
≤ R∗(y,x,α0) for some function R∗(y,x,α0) =

op(1). Hence, we have
∥∥∥T−1

n

∑Tn

t=1R(t)
∥∥∥
2
≤ R∗ = op(1). Then, taking average of (A44) over

all 1 ≤ t ≤ Tn yields

√
N(β̂Tn − β0) =

2√
N
I−1
0

1

Tn

Tn∑
t=1

∑
(i,j)∈I(t)

1,n×I(t)
2,n

sij(α0, β0) +
1

Tn

Tn∑
t=1

R(t)(y,x,α0)

=
2√
N
I−1
0

n∑
i=1

∑
j ̸=i

(
n−2

n/2−1

)(
n

n/2

) sij(α0, β0) + op(1)

=
1√
N

× n

n− 1
I−1
0

n∑
i=1

∑
j>i

sij(α0, β0) + op(1)
d→ N (0, I−1

0 ), (A45)
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where the second equality holds because for each (i, j), i ̸= j, there are
(

n−2
n/2−1

)
different splits

among them. This proves the first result.
Step (ii). Conditional on Fn, random draws β̂

(t)
OS−SJ for t = 1, . . . , T̃n are independent and

uniformly distributed over {β̂(s)
OS−SJ}

Tn
s=1. So that E∗[β̂

(t)
OS−SJ] = β̂Tn and E∗[∥β̂(t)

OS−SJ− β̂Tn∥22] =
1
Tn

∑Tn

s=1 ∥β̂
(s)
OS−SJ− β̂Tn∥22 := σ2

n. Note that σ2
n is Fn-measurable and σ2

n = Op(N
−1) by (A44)

and (A45). By Markov’s inequality, for any ϵ > 0

Pr(∥
√
N(β̂BG − β̂Tn)∥2 ≥ ϵ|Fn) ≤

NE∗[∥β̂BG − β̂Tn∥22]
ϵ2

=
Nσ2

n

T̃nϵ2
.

Hence, Pr(∥
√
N(β̂BG − β̂Tn)∥2 ≥ ϵ) ≤ E[T̃−1

n ϵ−2Nσ2
n] = O(T̃−1

n ) = o(1) as n → ∞ and
T̃n → ∞ for any ϵ > 0. This proves the second result.
Combining Step (i) and Step (ii), we have established that
√
N(β̂BG − β0) =

√
N(β̂BG − β̂Tn) +

√
N(β̂Tn − β0) =

√
N(β̂Tn − β0) + op(1)

d→ N (0, I−1
0 )

as T̃n → ∞ and n → ∞.

B.5 Proofs of Results in Section 4

Proof of Theorem 4. We decompose δ̂−δ0 as δ̂−δ0 =
(
δ̂ − ∆̄n

)
+
(
∆̄n − δ0

)
. The second

term is a U-statistics

∆̄n − δ0 =

(
n

2

)−1 n∑
i=1

∑
j>i

[∆ij(αi0, αj0, β0)− E∆ij(αi0, αj0, β0)]

with kernel ∆ij(αi0, αj0, β0) − E∆ij(αi0, αj0, β0). So, if Σδ =

Cov(∆ij(αi0, αj0, β0),∆ik(αi0, αk0, β0)) exists, by Theorem 12.3 of van der Vaart (2000), we
have

√
n(∆̄n − δ0)

d→ N (0, 4Σδ). (A46)

Next, for the first term, notice that α̂ ≡ α̂(β̂) and we can decompose it as

√
N
(
δ̂ − ∆̄n

)
=

1√
N

n∑
i=1

∑
j>i

[
∆ij(α̂i(β̂), α̂j(β̂), β̂)−∆ij(αi0, αj0, β0)

]
=

1√
N

n∑
i=1

∑
j>i

[
∆ij(α̂i(β̂), α̂j(β̂), β̂)−∆ij(α̂i0(β0), α̂j0(β0), β0)

]
+

1√
N

n∑
i=1

∑
j>i

[∆ij(α̂i0(β0), α̂j0(β0), β0)−∆ij(αi0, αj0, β0)]

:= U1 + U2,
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where U1 captures the variation from β̂ and U2 captures the variation from α̂(β0).

Define

∆β(α, β) :=
1

N

n∑
i=1

∑
j>i

∂∆ij

∂β
(αi, αj, β), ∆α(α, β) :=

1

N


∑

j ̸=1
∂∆1j

∂α1
(α1, αj, β)
...∑

j ̸=n
∂∆nj

∂αn
(αn, αj, β)

 .

(A47)
For U1, a first-order Taylor expansion around β0 yields

U1 =
1√
N

{
n∑

i=1

∑
j>i

∂∆ij

∂β⊤ (α̂i(β̄), α̂j(β̄), β̄) +
n∑

i=1

∑
j ̸=i

∂∆ij

∂αi

(α̂i(β̄), α̂j(β̄), β̄)
∂α̂i

∂β⊤ (β̄)

}
(β̂ − β0)

=
{
∆β(α̂(β̄), β̄)⊤ −∆α(α̂(β̄), β̄)⊤J11(α̂(β̄), β̄)−1J12(α̂(β̄), β̄)

}√
N(β̂ − β0)

= (∆⊤
β −∆⊤

αJ
−1
11 J12)

√
N(β̂ − β0) + op(1), (A48)

where β̄ lies in the segment between β̂ and β0 and the last equality uses the fact that β̄ p→ β0

and
∥∥α̂(β̄)−α0

∥∥
∞

p→ 0.

For U2, a third-order Taylor expansion yields

U2 =
√
N∆⊤

α(α̂(β0)−α0)

+
1

2

{
1√
N

n∑
k=1

[α̂k(β0)− αk0]
n∑

i=1

∑
j>i

∂2∆ij(α0, β0)

∂αk∂α⊤ [α̂(β0)−α0]

}

+
1

6

{
1√
N

n∑
k=1

n∑
l=1

[α̂k(β0)− αk0][α̂l(β0)− αl0]
n∑

i=1

∑
j>i

∂3∆ij(ᾱ, β0)

∂αk∂αl∂α⊤ [α̂(β0)−αn0]

}
.

(A49)

Similarly to the proof of Theorem 1, we can show that the second term of (A49) converges
in probability to a bias term Bα defined by (11) and

(Rµ
k)ij =

∂2∆ij,k(α0, β0)

∂αi∂αj

, 1 < i ̸= j < n,

(Rµ
k)ii =

∑
j ̸=i

∂2∆ij,k(α0, β0)

∂2αi

, i = 1, . . . , n.
(A50)

The last term of (A49) is op(1) (equivalent to the limit of part (IV) of (A24)). Additionally,
from the proof of Theorem 1, we have
√
N(β̂ − β0)− J−1

0 B0 = −J−1
0

{
1√
N
m2(α0, β0)−

1√
N
J21J

−1
11 m1(α0, β0)

}
+ op(1) (A51)

and ∥∥α̂(β0)−α0 + J−1
11 m1(α0, β0)

∥∥
∞ = op(n

−1/2). (A52)
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Substituting (A51) and (A52) into (A48) and (A49) respectively, we have
√
N(δ̂ − ∆̄n)−Bβ −Bα

= − (∆⊤
β −∆⊤

αJ
−1
11 J12)J

−1
0

{
1√
N
m2(α0, β0)−

1√
N
J21J

−1
11 m1(α0, β0)

}
−

√
N∆⊤

αJ
−1
11 m1(α0, β0) + op(1)

= − 1√
N
(∆⊤

β −∆⊤
αJ

−1
11 J12)J

−1
0 m2(α0, β0)

+
1√
N

[
(∆⊤

β −∆⊤
αJ

−1
11 J12)J

−1
0 J21 −N∆⊤

α

]
J−1
11 m1(α0, β0) + op(1),

where Bβ is defined in (11).
Finally, by the Lindeberg-Feller CLT, we have

√
N(δ̂ − ∆̄n)−Bβ −Bα

d→ N (0,Σ∆) (A53)

with

Σ∆

= lim
n→∞

1

N

{
(∆⊤

β −∆⊤
αJ

−1
11 J12)J

−1
0 V22

[
(∆⊤

β −∆⊤
αJ

1
11J12)J

−1
0

]⊤
+
[
(∆⊤

β −∆⊤
αJ

−1
11 J12)J

−1
0 J21 −N∆⊤

α

]
J−1
11 V11

{[
(∆⊤

β −∆⊤
αJ

−1
11 J12)J

−1
0 J21 −N∆⊤

α

]
J−1
11

}⊤
−
[
(∆⊤

β −∆⊤
αJ

−1
11 J12)J

−1
0 J21 −N∆⊤

α

]
J−1
11 V12

[
(∆⊤

β −∆⊤
αJ

−1
11 J12)J

−1
0

]⊤
−
{[

(∆⊤
β −∆⊤

αJ
−1
11 J12)J

−1
0 J21 −N∆⊤

α

]
J−1
11 V12

[
(∆⊤

β −∆⊤
αJ

−1
11 J12)J

−1
0

]⊤}⊤ }
. (A54)

Combining (A46), (A53), and the fact that δ̂−∆̄n is uncorrelated with ∆̄n−δ0 asymptotically,
we have (

Σ∆

N
+

4Σδ

n

)−1/2(
δ̂ − δ0 −

1√
N
Bβ −

1√
N
Bα

)
d→ N (0, IK).

Since the asymptotic normality of the plug-in estimator δ̂ has already been established,
the asymptotic normality of δ̂BG follows by an argument analogous to the proof of Theorem
3, and is therefore omitted for brevity.

Proof of Theorem 5. The argument proceeds as in the proof of Theorem 1, with (α0, β0)

replaced by (α∗, βn∗). To avoid redundancy, we omit the details.

Proof of Theorem 6. The argument follows the proofs of Theorems 2 and 3, with (α0, β0)

replaced by (α∗, βn♯). The details are omitted to avoid repetition.
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