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1 Introduction

Our society and economy do not exist in isolation; they are inherently connected through
complex networks of relationships and interactions. These networks play a pivotal role
in shaping the decisions and behaviors of individuals, organizations, and institutions. For
example, a consumer’s purchasing decision may be swayed by the opinions of friends, or a
company’s strategic move could be shaped by the actions of competitors within its network.
Understanding the structure and dynamics of these networks is therefore crucial for analyzing
how decisions propagate through society and the economy. This makes the study of network
formation—how these networks come into existence, evolve, and influence behaviors—an
essential area of inquiry. By understanding network formation, we can gain insights into
the underlying mechanisms that drive social and economic phenomena, ultimately leading
to more informed decisions and effective policies.

This paper studies efficient estimation and inference in a flexible dyadic network forma-
tion model with observed covariates, unobserved heterogeneity, and nontransferable utilities
(NTU). We consider one single large network which is arguably the most common type
of network data available in empirical studies. By “efficient,” we mean that our proposed
estimator achieves the Cramér-Rao lower bound (CRLB, Rao, 1992) asymptotically, and
a computationally efficient algorithm is provided. By “flexible,” we include both observed
pairwise covariates for the homophily effect and the unobserved individual heterogeneity as
fixed effects. Consequently, our model can capture rich forms of heterogeneity among agents
in the network. Finally, in contrast to a large body of work (e.g., Chatterjee et al., 2011;
Graham, 2017; Qu et al., 2025) that considers transferable utilities (TU), we model real-
world social interactions by requiring bilateral consent via NTU. For instance, friendship
is usually formed only when both individuals are willing to accept each other, or in other
words, when both derive sufficiently high utilities from establishing the friendship. It is even
more prominent in business networks since no firm would make a deal if it incurs a loss from
the transaction when there is no mechanism to guarantee profit redistribution. Moreover,
NTU can effectively incorporate homophily effects on unobserved heterogeneity (Gao et al.,
2023). We provide a more in-depth comparison between TU and NTU in Remark 2.

The presence of fixed effects together with NTU poses significant challenges for estima-
tion and inference. First, the requirement of bilateral agreement to form a link under NTU
breaks down the additivity in the fixed effects in the utility surplus function, i.e., the linking
probability between two individuals is no longer additively separable in their fixed effects.
Such nonseparability in the fixed effects makes inapplicable the arithmetic-differencing-based

methods that cancels out the fixed effects (e.g., the innovative tetrad estimator of Graham,



2017 cannot be applied under NTU). Second, classical maximum likelihood estimation is
subject to well-known theoretical difficulties, most notably the incidental parameter prob-
lem, which leads to nonexistence and nonuniqueness of estimators as well as asymptotic
bias. It also entails substantial computational burdens when individual fixed effects are in-
cluded alongside fixed-dimensional structural (homophily) parameters. To deal with these
challenges, existing dyadic network formation literature with TU typically relies on specific
distributional assumptions (e.g., the joint maximum likelihood (JML) estimator of Graham,
2017 uses logistic distribution while Dzemski, 2019 uses normal distribution) to obtain the
fixed effects as functions of homophily parameters and subsequently maximize the compos-
ite or profile likelihood function with these estimated functions plugged in. However, the
combination of NTU and a general link function renders the existing methods inapplica-
ble. Third, our network formation model with NTU makes the asymptotic theory different
from the current literature that focuses on TU. For example, the Jacobian matrix of the
moment equations used to construct initial moment estimators is asymmetric due to NTU,
invalidating the asymptotic analysis under TU.

To deal with those theoretical and computational challenges, this paper proposes a boot-
strap aggregating (bagging) estimator for the homophily parameters 5y. We show its asymp-
totic normality centered at zero, and efficiency in the sense that the bagging estimator
achieves the CRLB asymptotically. Our paper is the first one in the literature of dyadic
network formation with NTU that has inference and efficiency results. A key step of our
proposal is inspired by Le Cam (1969)’s one-step approximation to the maximum likelihood
(ML) estimator, which effectively circumvents the computational difficulties associated with
the classic ML estimator. The one-step approximation updates once, via a Newton-type

procedure, an initial estimator that converges to the true parameter at the parametric rate:
ﬁOS = BInitial + Igl(ﬁlniti;ﬂ) : Sn(ﬁlnitial)>

where I, (+) is the negative Hessian and s, () is the score for the log likelihood function.
The one-step estimator is significantly faster and more stable to compute than the classic
ML estimator, and yet retains the same asymptotic rate and variance. It requires only a
single updating step—making it ideal for large datasets, in particular for network data which
includes links between all pairs of individuals'—and remains asymptotically optimal. For
B\Initial, we propose a general method of moment estimator and characterize its asymptotic
distribution. In this step, we also estimate the fixed effects and prove their convergence to

the true parameters ay in the £, norm.

IFor example, in a reasonably small network with n = 100 individuals, there are a total of N = (n? —

n)/2 = 4950 undirected links.



Next, since the one-step estimator is asymptotically equivalent to the ML estimator, it
carries asymptotic bias. We debias it via the bagging method from the machine learning
literature (Breiman, 1996; Hirano and Wright, 2017) after split-network jackknife. As far as
we know, bagging is novel in the network formation literature. The idea is, for each round
t € {1,...,T,}, we randomly split all nodes into two halves and estimate parameters only
based on each subnetwork formed among the half nodes to obtain 58%,1 and B\gég. Then, we

take average over the T}, splits and debias B\OS by

Ty
Bea = 2Bos — L~ Z (5(()%1 + Bgéz) :
2T, =
We show that, as n and T, go to infinity, the bagging estimator BBG is asymptotically
unbiased and achieves the efficiency bound. Note that if we set T, = 1, BBG reduces to the
split-network jackknife estimator, which is asymptotically unbiased but inefficient because it
doubles the asymptotic variance of the ML estimator. Bagging is essential in deflating the
variance to the efficiency level, i.e., the CRLB. Moreover, bagging also makes the computation
more stable and insensitive to the choice of random splits.

As two extensions, we provide a consistent estimator and prove its asymptotic normality
for the average partial effects (APEs) and discuss how misspecification of the link function
affects the analysis, the latter of which is much less considered in this literature. We show
that the APEs can be consistently estimated and that BBG converges to the pseudo-true
value under link function misspecification.

Simulation results confirm that the proposed estimators for the homophily parameters,
individual fixed effects, and APEs perform as predicted by the theory. We present two
empirical examples. First, in the risk-sharing network data of Nyakatoke (De Weerdt, 2004),
our method indicates that wealth differences have no statistically significant effect on link
formation. Second, we apply our method to the information and favor networks to each
of the 75 villages from the India microfinance dataset (Banerjee et al., 2013, 2024). It is
evident that belonging to the same caste strongly and uniformly boosts link formation among
households in the sampled Indian villages, whereas the influence of other factors varies village
by village. A demonstration of our proposed methods is available at the GitHub repository

https://github.com/YapengZheng/network_formation_NTU.

Literature Review. Our paper contributes to the literature on dyadic network forma-
tion in a single large network. Most existing work studies TU, which allow individual fixed
effects to be eliminated by arithmetic differencing (Chatterjee et al., 2011; Graham, 2017;
Dzemski, 2019; Zeleneev, 2020; see Graham, 2020, for a review). Gao et al. (2023) study a

semiparametric NTU model using logical differencing, but without inference for homophily
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parameters or estimators of fixed effects. We complement their work by establishing in-
ference for homophily parameters, delivering /..-consistent estimators of fixed effects, and
developing asymptotic results for the APEs and under link function misspecification.

Our paper also builds on Graham (2017), who introduces a tetrad logit estimator and a
joint ML estimator under TU and logistic link functions. These methods, as well as functional
differencing (Bonhomme, 2012; Bonhomme and Dano, 2024), do not extend to NTU due to
the fixed effects being not additively separable in the specification of the utility surplus from
a link. Recent contributions also remain within TU: Hughes (2023) develops a jackknife
bias correction, Qu et al. (2025) propose a projection approach for directed networks, and
Candelaria and Zhang (2024) study robust inference in bipartite networks. Semiparametric
and nonparametric TU approaches include Toth (2017), Gao (2020), and Candelaria (2024).
In contrast, our estimator applies under NTU.

Methodologically, our work relates to the large-T panel literature on nonlinear fixed-effect
models (Hahn and Newey, 2004; Hahn and Kuersteiner, 2011; Dhaene and Jochmans, 2015;
Fernandez-Val and Weidner, 2016, 2018). These methods rely on concavity of log-likelihood
functions and/or sparsity of certain derivatives of functionals of fixed effects assumptions that
are hard to verify in our setting. Instead, we adapt the sample-splitting idea (see Mei et al.,
2023; Liao et al., 2024 for tackling Nickell-type biases in panel predictive regressions using
split-sample strategies) and establish formally that bagging delivers unbiased and efficient
estimation. Related work on nonlinear factor models and orthogonalized estimators (Chen
et al., 2021; Bonhomme et al., 2024) requires conditions that preclude NTU.

Two adjacent literature are worth noting. First, dyadic formation models are often used to
control for endogeneity in structural models of social interactions (Goldsmith-Pinkham and
Imbens, 2013; Hsieh and Lee, 2016; Johnsson and Moon, 2021; Auerbach, 2022). Our contri-
bution differs in focusing directly on efficient estimation of the formation process, though our
results may be useful for future studies of spillovers (Jackson et al., 2024). Second, there is a
line of work on strategic network formation and empirical games based on pairwise stability
(Jackson and Wolinsky, 1996; Mele, 2017; de Paula et al., 2018; Sheng, 2020; Chandrasekhar
and Jackson, 2025). These models incorporate externalities but typically impose restrictions
on heterogeneity or the degree distribution and often require TU (e.g., Pelican and Graham,
2024). Our fixed-effects NTU approach, which permits arbitrary correlation between ob-
servables and the fixed effects, is therefore complementary to and methodologically distinct
from the existing literature (for a comprehensive review of the two approaches, see de Paula,
2020).

Organization. The rest of the paper is organized as follows. Section 2 formally intro-

duces a dyadic model of link formation and presents our estimation algorithm. Section 3



develops the main theoretical results for our proposed estimators. Section 4 develops asymp-
totic theory for the APEs and analyzes link function misspecification. Section 5 carries out
simulation studies. Section 6 provides two empirical applications. All proofs are relegated

to the Appendix.

Notation. Let “:=" denote a definition, and let the superscript “T” denote the transpose
of a vector or a matrix. We use bold-case for variables of increasing dimension with n. For

example, the true fixed effects g = (vig),<;<,, is nx 1. For an nx 1 vector a = (ay,...,a,)",

its /; norm is ||af|; := Y1, |a|, £2 norm is ||a]lz := (321, a?)¥/?, and £, norm is ||alw =
maxi<;<p |a;|. When O(-) (and other notation for order) is written for a vector (or matrix), it
means that each element in the vector (or matrix) is of the order in O(-). Here, “plim” denotes
the probability limit, “%” convergence in probability, and « B convergence in distribution.
Unless otherwise noted, for all convergence results we pass n — co. For an nxn matrix A, we
write [[All1 == maxi<icn [[Aill1, [[Alloo = maxi<icy [Aslli and [|Allmax = maxi<;j<n [Aijl,
where A; and A, are the ith column and row of A, respectively. |c| denotes the integer
part of any number ¢. Let F': R — (0,1) be a link function. To simplify notation, we write
Fij(e, B) == F(a; + xj36), Fji(e, B) := F(a; + x,8), and py(e, B) = Fyj(a, §)Fji(e, B).
We use the shorthand Fj;, Fj;, and p;; when the corresponding functions are evaluated at
the true values of (e, fy). Finally, the abbreviation “w.p.a.1” stands for “with probability

approaching one.”

2 Model and Computation

We consider an undirected network formed among agents ¢ € Z,, :== {1,...,n}. Hence,
there are N = (’2‘) dyads to be linked. Agent i agrees to form a link with j if her utility from
the connection is strictly positive. We use a binary random variable Z;; to denote agent 7’s

decision on whether to link with 7, that is,
Ly = 1(0[¢0+Xi—]r-ﬁ0—€ij>0), 1§’L7£j§n (1)

We rule out self-loops, i.e., Z;; = 0, ¢« € Z,. Three components determine the value of
Z;;: (1) the unobserved fixed effect o, which is specific to agent i; (ii) dyad-specific index
XZ-; Bo that captures the homophily effect in the observable characteristics of each pair (3, j),
where X;; € R® denotes the symmetric dyad-level covariates for all ¢ # j, and (iii) an
idiosyncratic component €;; with a known distribution, assumed to be independently and

identically distributed across all dyads (i, 7).



Under NTU, an observed link Y;; between 7 and j is formed as

The user specifies a link function F', which is the distribution function of the idiosyncratic
error €;;. The log-likelihood is

n

(e, B) =) {uijlogpij(er, B) + (1 — yij) log (1 — pij(x, B)}.

i=1 j>i

Remark 1. While we deal with the stylized model (1)-(2) to fix ideas, multiple generaliza-
tions are possible. First, our model can be extended to cover directed network with NTU by
introducing two sets of heterogeneity that captures in-degree and out-degree separately as in
Yan et al. (2019) and Hughes (2023). Specifically, we may include an additional unobserved
fixed effect 7,0 in (1). It would require estimating 2n fixed effects via moment restrictions
defined in Module 1 below. Second, we consider the general case in which X;; represents
generic symmetric pairwise observable characteristics such as distance between two house-
holds in a village. As a special case, our model allows X;; to be generated by a symmetric
function of individual characteristics X; and X; (e.g., Graham, 2017). While accommodating
asymmetric X;; is feasible and supported by simulations, it introduces additional technical

complications in the proofs and would obscure the main focus of the paper.

Remark 2. Our network formation model (2) with NTU is different from that with TU in

the following form:
Y;]:]l{a,o—i—ozjo—l—X;]rﬁg—e” >O} (3)

The TU model (3) essentially asserts that, if the joint surplus generated by a bilateral link
Qo + oo + XJ Bo — €5 is positive, then the link between ¢ and j is formed. An important
assumption behind the TU model (3) is that the link surplus can be freely distributed
between 7 and j, and that bargaining efficiency is always achieved, which can be strong in
many networks (e.g., risk sharing network, friendship network). Our NTU model (2), on the
other hand, requires that the utility surplus from the link for both ¢ and j to be strictly
positive in order to form a link, which is arguably more realistic in the aforementioned
networks. Furthermore, the NTU model (2) reflects the fact that the party with relatively
lower utility is the pivotal one in link formation. Finally, it can be shown (see Gao et al.,
2023) that the NTU model (2) can accommodate homophily effect in both observable and

unobservable covariates.

Given the model, we introduce the algorithm to estimate the homophily coefficient (.
There are three sequential modules—Joint Method of Moments (JMM), One-Step (OS), and

7



Bagging (BG)—that lead to ng. Specifically, Module JMM provides an initial consistent
estimator, which, however, does not reach the CRLB and is biased. We refine the JMM
estimator with the one-step adjustment to achieve the CRLB. Finally, we apply the bagged
split-network jackknife to debias the one-step estimator while preserving its efficiency.

We define a few objects before each module. Let Y = (Y};),_, ;, be the n xn adjacency
matrix and X = (Xj;), <ij<n D€ the n x'n x k random tensor of covariates. Denote their

realizations by y = (y4;)1<ij<n and x = respectively. The degree d; := Z#i Y

(%i)1<i j<ns
is defined for each i € Z,, of the observed network Y. Define a vector of moment functions

m(a, 8) = (m] (a, B),my (e, )", where my(av, B) := (di = 30, pijler, B))i 1 i an n-

dimensional function that concerns the average degree of each i, and my(ax, ) := Z > olyij—
i=1j5>1
pij(a, B)]z;; is a K-dimensional function.

Module 1 (JMM). The JMM estimator (&,B\) is the solution to the (n + K)-equation
system m(e, 8) = 0.

To find the solution to m(e, 5) = 0, for each  we let

ri(a, B) = a; + (n — 1)~ (d =Y pijley, ) i €1, (4)
J#i

and r(a, 8) = (ri(e, f), ... ,rn(a,ﬂ))T. The intuition is, for any ¢ when d; is strictly
larger than » ., pij(ex, 3), we would like to increase a; such that each p;;(ex, 3) for j # i is
larger, and vice versa. Starting with an initial value @, we iterate o*™1(3) = r(a®(8), 3)
until convergence to obtain @ (), and then we solve the finite dimensional equations

mal@ (), 6) = 0.
Next, the OS module involves the score and information matrix. Define the score of 7,
as s(a, B) = (s{ (e, B), s;(a,ﬁ))T = ((‘%n/@aT,aﬁn/@ﬁT)T, and partition the information

matrix

II2(a76) 122(a76) (5)

into the four compatible blocks. Define the concentrated score function and information

I(a, 8) = Els(a, B)s(c, 8)T|x, @ = (In(a,ﬁ) Ilz(a,g))

matrix of 3 as

sn(a, B) = sa(a, B) — Ig(a, B) 11y (e, B) 's1(ex, B), and
L(a, B) = Ioa(ex, B) — Iia(ex, B) "1ii (v, B) 'Tha(e, B),

respectively.



Module 2 (OS). Substitute the JMM estimator (&, 3) into

BOS = B + In<&7ﬁ)_15n(a7 B) (6>

The variance of the OS estimator BOS achieves the CRLB asymptotically. To illustrate
the idea, suppose (3 is a scalar. When s, (e, B) is positive, implying that an increase in /3
raises the log-likelihood, it is desirable to increase the initial estimator. When the I, (e, 5’) is
large, which means there is sufficient information to identify the parameters, one may want
to make the adjustment smaller to avoid excessive correction. This explains why the inverse
of information matrix also plays a role.

Finally, bagging is featured by randomization. Assume an even integer n for convenience.
Let t = 1,2,...,T,, for some T, < (n72), index an equal-sized random partition of Z,, into

Iftzl and IQ(?L such that Iftl UIéf,)l =1,, Il(tzl ﬂIQ(?l = (), and the splits are independent over ¢.

Module 3 (BG). For eacht =1, T, apply the JMM and OS modules on the subnetwork

indexed by Il(tzl to obtain Bg%,l' Repeat the same procedure on I2( ) to obtain ngg. Apply the

t
N

bagged jackknife to obtain the BG estimator Bra = 2Bos — (ZTH)_1 21(38%71 + 38%2)

We employ split-network jackknife to debias BOS. Due to the equal splits of nodes, each
of 38%71 and ngg incurs twice the leading bias in the asymptotic expansion. If we apply the

split-network jackknife only once, then
At A L/~ At
5&%—&1 = 2f0s — 3 (553%,1 + B(o%,z)

self-cancels the leading bias. However, the variance Bgéfs 5 is doubled, since splitting the net-
work in half causes the links between nodes belonging to different subnetworks to be ignored.
Furthermore, splitting the whole network randomly makes the estimator computationally
unstable. To deal with these issues, we let T,, — oo and indeed BBG = Tn_ 1 221 BgéfSJ
averages BSQ_SJ over T,, independent splits.

When computing Bgé; and B(()t%g for each random split ¢, we do not re-estimate the
initial B by applying JMM to the corresponding subnetworks. Instead, the full-sample JMM
estimator 3 is retained, and only & is updated via (4). Consequently, the procedure remains

computationally efficient for moderate values of T},, such as 200 or 400 in our simulations.
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Figure 1: Flowchart of the estimation procedure

To summarize, Figure 1 illustrates how each module is stacked together to produce BBG.
We begin by applying modules JMM and OS to the full network, whose nodes are shown as
black dots, yielding Bos. Next, for each random split ¢ = 1, ..., T,,, we divide the nodes into
two halves. For instance, in split £ = 1, the yellow dots in the top-left represent Iflg and
the purple dots represent Iélgl Running JMM (with B from full sample and only updating
a via (4)) and OS on each subnetwork produces B(OIS)J and B(OIS),Q' Repeating this procedure
over t =1, ..., T, and applying the bagged jackknife yields the bagging estimator ng.

3 Large Sample Theory

Given the algorithm of fp¢, in this section we prove that Bpg is asymptotically normal,
unbiased, and efficient. We first estimate the high-dimensional fixed effects a as a function
of # by solving m;(e,5) = 0. We establish the existence and uniqueness of & (3)—the
solution to m; (e, ) = 0—for each § that is local to ;. Our method accommodates NTU
and encompasses a broad class of distributions beyond the logistic. Once @ (/) is obtained,
we solve a different set of finite-dimensional moment conditions ms (e, ) = 0 to compute the
JMM estimator B . We show that B is v/N-consistent for §,, which suffices for the purpose
of the one-step adjustment. As a by-product, we also demonstrate that &(B) converges to
g in the /o, norm. Then the JMM estimator is substituted into Module 2 to get BOS. We
prove that BOS achieves the CRLB but remains asymptotically biased. Finally, we show that

the debias-once B(()ls)—s ; is properly centered at zero but has a variance twice as large as that
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of Bos, whereas averaging over repeated splits ¢ yields BBG with the desired properties.

We begin by stating three baseline assumptions that underlie the theoretical results.

Assumption 1 (Correctly Specified Model). The conditional likelihood of Y =y given

X =x and @ = oy 18

Pr(Y =yl X =x,a=ap) = H HPT(Y%j = yz‘jlfcij, Q;0, aj0>7

i=1 j>i
where

Pr(Yy; = yijlw, cio, ajo) = pﬁ-’}j (1- pij)liyij 5 (7)

for all i # 7.

Assumption 1 is similar to Assumption 1 of Graham (2017), except for two important
differences. First, under NTU «;y and a;y are not additively separable in the linking proba-
bility between ¢ and j, and thus the tetrad logit estimator of Graham (2017) does not apply
in our setting. Second, the functional form of F'(-) is general (See Assumption 3 below
for mild restrictions) and includes the commonly used logistic (e.g., Chatterjee et al., 2011;
Graham, 2017; Qu et al., 2025) and probit as special cases. The multiplicative form of the
joint likelihood implies that the idiosyncratic €;;’s are i.i.d. across the dyads (3, j), i.e., links
are formed independently of one another conditional on the agent attributes. It is suitable in
settings such as risk-sharing networks, online friendships, trade networks, and conflicts be-
tween nation-states. The lack of interdependence, however, rules out networks with explicit
strategic interactions such as supply chain networks. See the discussion of Assumption 1 of
Graham (2017) for more details on this issue.

Assumption 1 also requires the link function F'(-) to be correctly specified. It is well-
known that, under regularity conditions, the ML estimator converges to the parameter value
that minimizes the Kullback-Leibler divergence between the true and the misspecified model
(White, 1982). The issue is complicated by the high-dimensional individual fixed effects
and NTU. To our knowledge, the misspecification issue has not been investigated in the
network formation literature. We discuss the impact of link function misspecification on the
theoretical results in Section 4.2 and provide supporting simulation evidence in Section 5.

The next two assumptions facilitate our asymptotic analysis.

Assumption 2 (Bounded Support and Random Sampling). Suppose the following conditions
hold: (a) v lies in the interior of a compact set A C R™, (b) By lies in the interior of a
compact set B C R and (¢) Xi; satisfy X;; € X C RE for some compact set X.

11



Assumption 2 collects and combines Graham (2017)’s Assumptions 2 and 5(i). It implies
that the probability of a link forming between dyad (i, j) is uniformly bounded within [x, 1—k]
for some x € (0,1/2), which requires the network to be dense.? The dense network makes it
possible to estimate ;g consistently for each 1.

Note that our theory in principle can allow the support of X;; to be unbounded; however,
it would add little theoretical insight but incur more technical complexity in the rates of
convergence via the Bernstein inequalities to bound the tail probabilities of random variables.
Assumption 2(c), which is similar to Graham (2017, Assumption 2(ii)), allows us to focus

on the main idea.

Assumption 3 (Restrictions on F(-)). F(-) is three-times continuously differentiable. Its
first to third derivatives f(-) , fV(-), and fP () satisfy

F(Oé )e[0171_01]7
f(az+:v B) € [ca,1 — ca,
| fL OéH'%j B)| < cs, and

(
|fP e + 2B)] < eu,
for some constants c1,co € (0,1/2], c3,¢4 >0, and all (o, B) € AxB, x;; € X, 1 <i# j <n.
Assumption 3 puts bounds on F'(-) and its derivatives. Assumption 3 is regarded as mild,
since in conjunction with Assumption 2 it is typically satisfied under common distributions,

including the logistic and normal. This Assumption is similar to Fernandez-Val and Weidner
(2016, Assumption 4.3(v)), which restricts the smoothness of the likelihood functions.

3.1 JMM

Recall that the JMM module gives (a, B\) to start with. The next lemma concerns the

existence and uniqueness of & (), as well as the convergence of a*(3) to a(f) via (4).

Lemma 1. If Assumptions 1-3 hold, then there exists a unique &(f3) w.p.a.1 for each
B e {BeB||S—boll, <c} in a neighborhood around By, where ¢ > 0 is small but fized.

Moreover, uniformly across all k, we have

le**2(8) — " ()]s < dlla"(B) — " (B)[lr  and
lo**2(8) —a(B)|l: < dlla"(8) — &(B)lh,

for some fized constant § € (0,1).

?Density of an undirected network is defined as p, = N=1 3" >

j>i Yij» where N = (g) A network is
dense if lim,, o0 pp, € [c1, c2] for some constant 0 < ¢; < ¢ < 1.

12



Lemma 1 guarantees that & () = limy_,. a®(3) and that the ¢;-distance between a(f3)
and o® () decreases geometrically after every two iterations. Computing a(3) is fast in the
simulations, which is another advantage of our iterative algorithm. It is worth mentioning
that we deviate from the existing methods (e.g., Theorem 1.5 of Chatterjee et al., 2011
or the fixed point equation (17) of Graham, 2017) in this step by not requiring ¢;; to be a
logistic random variable, nor the link formation process being TU. Instead, we use a gradient-
descent-type iterative algorithm (4) to compute & () as a function of 8 and show that it is
a contraction mapping. As a result, it can accommodate general non-logistic link functions
and NTU.

Although a(f) is unique by Lemma 1 for any [ that lies within a distance of ¢ of Sy,
in principle there could be multiple solutions to ms(a@(f3),5) = 0. The next identification
condition guarantees that any such B is consistent for 5y. To state the assumption, we define

the concentrated moment equation for 5 as

5.(8) = (”)_lE[mxa(m,ﬁnx, o),

where a(f) is the unique solution to E[m; (e, 5)|x, ap] = 0, a result from the proof of

Lemma 1.

Assumption 4 (Identification of fy). Suppose for all 6 > 0 and for n large enough

15.(5)]], >

Assumption 4 identifies the low-dimensional parameter [y, as is extensively discussed in

peB: IIB Bol|2>5

Chen, Chernozhukov, Lee, and Newey (2014) for nonlinear models with high-dimensional
nuisance parameters. Assumption 4 is equivalent to assuming that gy is the unique solution
to S,(B8) = 0, which is similar to the widely imposed “unique minimizer” condition in M-

estimators literature, see van der Vaart (2000, Page 45).

Remark 3. To better understand Assumption 4, consider a (low-dimensional) linear panel
data model with individual fixed effects, yiy = o + B0 + €4, i =1,...,n, t =1,...,T.
Suppose E[(1,z,}) "€;] = 0 in this model. Then, the expected concentrated moment function
is gn(ﬂ) = (nT) 'E {Z” [yit - 041(5) - l’T } %ﬁ} where Oéz'(ﬂ) = Qo + 7! Zt xiTt(ﬁo - 5)
is the solution to E [Y°, (yi — 2,8 — as)] = 0,7 =1,...,n. Then S, (8) = (nT)~' 32, (i —
Z;) (T — :Ei)T (B — Bo) with z; = T7'3", x;. Consequently, a sufficient condition for
Assumption 4 in this linear panel model example is that the smallest eigenvalue of
(nT) 7137 (i — &) (i — ;) (which is the concentrated Jacobian matrix for j3) is strictly

large than 0, which is quite weak.
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In the next theorem, we prove that B is consistent for 5y and that & is uniformly consistent

for ag in the sup norm. Furthermore, we establish asymptotic normality for B .
Theorem 1. If Assumptions 1—/ hold, then
B By, and ||@ — aplles 2 0.
Furthermore, we have
VN(B = Bo) = 3g" By = N (0, ),
where Jo, By, and Qg are defined in (A22), (A1), and (A2), respectively.

Theorem 1 shows that the JMM estimator B is asymptotically normal, but the limiting
distribution does not center around zero. The bias term J;' By arises from estimating av.
Incidental parameter problem is common in the literature of nonlinear panel fixed effects
regression with large N and T'. Moreover, B does not achieve the CRLB of I, 1. We refine B
by the following modules.

3.2 One-Step Estimator

The first refinement concerns achieving the CRLB. We follow Le Cam (1969)’s one-step

adjustment as in Module 2. Algebra shows

{(’%n( ﬂo)‘}g Oto] _0, E {(’%n( 50)‘}(7 Oto] _ 1

Ja op
Therefore, a Taylor expansion on the right hand side of (6) yields
Bos — Bo =~ L(ew, Bo) ' sulaxo, o) (8)

in large samples. To establish (8) rigorously and hence the asymptotic normality of Bos,

we impose an additional assumption on the behavior of the information matrix (5). Let
wri(ex, B) = [Ta(e, B) I (ex, B) 71, the (k, i)™ element of Ijs(ex, 8) Ty (e, )72

Assumption 5. For (a,f) € Ax B, 1 < k < K, and 1 < ¢ # j < n, suppose that
SUD) << ¢ 1<i<n |Wri(at, B)| is O (1) and continuously differentiable in both arguments. Fur-

thermore, the following conditions on wy;(a, B) are satisfied:

(a) SUP 1 <k<K,1<i<n 0wy (e, B) /0Bl = O(1),
(b) SUP1<k<K,1<i<n |Owi (v, B)/0ci| = O(1),

(c) SUP1<k<K1<z¢j<n|8wkz( )/80@] =0(n 1)-
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Assumption 5 is mild under sup;<j<x1<i<, [Wri(e, )] = O(1). To gain some intuition
about Assumption 5(c), consider a classical linear panel data model with additive individual
fixed effects. If there is no interaction between ¢ and j, then wy; (e, 3) depends only on «;
and (. Hence, |0wyi(e, B)/0a;| = 0, satisfying Assumption 5(c). Therefore, Assumption
5(c) controls the extent to which wy, (e, ) depends on o for j # i.

With Assumption 5 in position, we prove the limit distribution of Bos in the next theorem.
Theorem 2. If Assumptions 1-5 hold, then
VN(Bos — Bo) — I'by 2 N(0,131),
where 1y and by are defined in (A39) and (A3/]), respectively.

Theorem 2 shows Bos achieves the CRLB asymptotically. In the proof of Theorem 2,
we show that by is O(1) and depends on the covariance matrix between m; and s;. It is
because our plug-in estimator for a is obtained from the moment estimating equation my,
and the one-step estimator (6) uses information from s; to concentrate out c. As a result,
the covariance between m; and s; determines the magnitude of the term by in the asymptotic

bias of Theorem 2.

3.3 Bagging

While reaching the CRLB, Theorem 2 reveals that Bos incurs an asymptotic bias. As
discussed in Module 3, one way to debias BOS is to use split-network jackknife to self-cancel
the leading bias. However, it doubles the asymptotic variance (see (A42)—-(A43)) and suffers
from computational instability. The solution we propose is to use bagging on a split-network
jackknife estimator.

To motivate the bagging method, in theory there are a total of T}, := (n’/LQ) possible ways

to divide the network. However, T;, can be very large for a moderate sample size n. For

100
50

We solve this problem by choosing T, < T}, in the BG module. In the simulations, we set
T, = 2n and find that the results are robust to this choice.

The next theorem shows that when n and 7}, go to infinity, Brg is asymptotically normal,

example, n = 100 produces T, = ( ) ~ 1.009 x 10%°, which is an astronomical number.

unbiased, and efficient.
Theorem 3. If Assumptions 1-5 hold, then
VN (Bpc — Bo) E N(0,151)

asn — oo and T, — oo.
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Theorem 3 is the main theoretical result of this paper. A few remarks are in place
to discuss its implications and connections with the literature. First, BBG involves three
modules—JMM, OS, BG—which play different roles. Module JMM provides an initial con-
sistent yet biased estimator, which is fed into Module OS to achieve the CRLB. Module BG
corrects for the bias in the OS estimator via split-network jackknife while maintaining the
efficiency through bagging.

Second, a similar idea to BOS_S ;j in a panel setting with fixed effects is presented in Dhaene
and Jochmans (2015). Although related, Brg is preferred over Bos_s; because Bos_s; has
an asymptotic variance of 2I;" while Bpa’s is '

Third, one may be inclined to apply BG to the initial JMM estimator directly and bypass
the one-step approximation. Indeed, BG can correct for the asymptotic bias of the JMM
estimator. However, the JMM-BG estimator is not efficient because the asymptotic variance
of the initial JMM estimator is preserved through the bagging procedure.

Finally, sample splitting across individuals introduces a degree of extra randomness,
which motivates Fernandez-Val and Weidner (2016, Footnote 8) to suggest averaging of all
possible T, partitions and point out that the average over T,, < T}, splits is sufficient. The
BG estimator in our context not only eliminates randomness from sample splitting but also
simultaneously achieves efficiency and bias correction. Furthermore, our Theorem 3 provides

formal asymptotic results to justify the use of the BG estimator.

4 Extensions

We have established the asymptotic properties of BBG for By. The homophily coefficient is
interpretable and useful. For instance, it enables the comparison of the relative importance
of covariates underlying the formation of informal risk-sharing networks in rural villages.
Beyond the model parameters themselves, additional policy-relevant quantities—such as the
APEs—can be derived. This section establishes their theoretical properties. Furthermore,
the preceding results are derived under the assumption that the link function is correctly
specified. We examine the consequences of misspecification, and thereby assessing the ro-

bustness of the proposed method.

4.1 Average Partial Effects

In addition to a and [y, researchers and policy makers may be interested in estimating
certain averages over the distribution of exogenous regressors and fixed effects. One leading

example concerns the conditional mean of the outcome given covariates and individual fixed
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effects
E Y| Xij = zij, @] = F(x)360 + i) F(z; 0 + o). (9)

Here, the partial effects are defined as the differences or derivatives of (9) with respect to
components of X;;, say X;;x, the k™ coordinate of X;;. We suppress its dependence on Y’

and X and define the partial effect of x;;, for the dyad (7, ) as

pij (i, o, Br + x5 Bk) — pijlau, g,z . By) (b)
B [f (258 + i) F(z38 + ;) + F(2fi8 + ) f(2 58 + ei)] ()

2

Ajj (i, o, B) =
where “(b)” corresponds to binary z;;; while “(¢)” refers to continuous z;;;. Define A;; =
(Ajj1, -, Aijx)". Then, the unconditional APEs are

1 n
o =E NZZAij(ai;aj>ﬁ0> : (10)
i=1 j>i

-~

Plugging the JMM estimator (&, ) into (10) yields an estimator for the APEs

N [ .
0= N Z Z Aij (G, & , B).
i=1 j>1
Define an (infeasible) A, = § 21 37, Ao, o, fo)- Let the split-jackknife estima-
tor and the bagging estimator of the APE be

T
5&] =20 — %(51 + 52) and  dpq 1= T%;Sé?’

respectively. Here, (51,32) are the plug-in estimators based on two sub-networks after a
random split of the nodes and {5&?}?;1 are split-network jackknife estimators based on T,
random splits. The next theorem shows that J is asymptotically unbiased. We use a central
limit theorem for U-statistics (van der Vaart, 2000, Theorem 12.3) to prove it. To state the
result precisely, we incorporate the asymptotically vanishing bias terms, as in Fernandez-
Val and Weidner (2016, Theorem 4.2), and establish that ds; and dpa offer no meaningful
improvement over 5. Sections 5 and 6 present numerical evidence that supports this claim.

To state the next theorem, we define o5, == =& + %, where YA is defined in (A54) and

N
Y5 = E[Ai;(u, aj, Bo)Air(ay, o, Bo)]. Furthermore, let

1
B, = lim ——Tr
n—o0 24/ N

where RY for k =1,..., K and (Aq, Ap) are characterized in (A50) and (A47), respectively.

[J;IIVH (Jl—f)TRg}, By = lim (A} — ALI;I0)05 By, (11)

n—oo

Theorem 4. If Assumptions 1-4 hold, the sequence {a}icz, is i.i.d., and A, is a non-
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degenerate U-statistic, then

_ A 1 1
05,2/2 (5 — g — \/NBB — \/NBa) i> N(0, Ix), and (12)

0'(;71/2 (8]3@ — 50) i N(O, IK)

In Theorem 4, the rate of convergence of 6 (and 3]3(;) is \/n instead of v/N. The slower
convergence rate in (12) makes the bias terms introduced by estimating the individual fixed
effects asymptotically negligible. Note that Bs originates from the bias of the plug-in es-
timator B whereas B, arises from the incidental parameter bias of the plug-in estimator
Q.

For the components of 05, YA is the asymptotic variance of VN (5 — A,) and Y is the

asymptotic variance of \/n(A, — d). s can be estimated by

—1 n
~ n o ~ o ~ ~
Si=(3) X3 [t i) - 3] [Autanan i) - .
i=1 j>i k>j
which is consistent by the law of large numbers for U-statistics. Although the variance term

Ya/N is dominated asymptotically by 43s/n in (12), we find in simulations that including

it improves the coverage probabilities.

Remark 4. If one is interested in A, the asymptotic result becomes
VN = A,) — By — By 5 N(0,54),

which generalizes Theorem 2 of Chen et al. (2021) to the NTU setting.

4.2 Link Function Misspecification

Our analysis so far relies on the correct specification of the link function F (). A natural
question is what if F'(-) is misspecified? Graham (2024) provides an insightful analysis for
sparse bipartite network models. However, this question has not been studied yet in the
literature of dyadic network formation models with NTU. In this subsection, we present
theoretical properties of our JMM, OS, and BG estimators under such misspecification.

First, we analyze the pseudo values that our estimators B and Bos converge to under
misspecification of the link function. Suppose researchers misspecify the distribution function
of €;; to be G(-) which differs from F'(-) at points with strictly positive probability measure.
For a fixed n, we impose the following identification assumption to facilitate the analysis.
Let gij(a, B) := G(a; + x;8)G(c; + x;3) be the misspecified probability of linking between
7 and 7.
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Assumption 6 (Identification under Link Function Misspecification). For a fized n, the

nonlinear function

Su(B) =YY by — ay(el(B). B))] iy (13)

i=1 j>i
has a unique root B, and satisfies
inf 5.8 >0
BEB:|8—Bnall, >0 O,

for all & > 0 and sufficiently large n, where a(f) is the unique solution to the following

system of equations

-
(Zj;él P = 2 (@ B)y 3 Prg = Do dnj( X, 5)) =0. (14)

Assumption 6 is the counterpart of Assumption 4 under a misspecified link function. Sim-
ilarly to Lemma 1, (14) has a unique solution with high probability under mild conditions
on (v, fy) and . Thus, Assumption 6 identifies the homophily parameter under link func-
tion misspecification. Notice that f,. depends on the true link function F'(-), misspecified
link function G(-), and the true parameter values. As a result, f3,. may vary with n. The
following theorem shows that the JMM estimator based on the misspecified link function
G (+) is centered at [, up to a bias, which the split-network jackknife procedure removes
asymptotically. Let o, := a(f,.) with a (+) satisfying (14).

In the next Theorem, J,, B, and €2, are defined analogously to Jy, By, and {2 in
Theorem 1, but with the pseudo values (e, 5,.) and the misspecified link function G(-)
replacing (o, fp) and F (-), respectively. Furthermore, the sandwich-form variance €2, can

be consistently estimated as in (A3).

Theorem 5 (JMM Estimation under Link Function Misspecification). If Assumptions 1-3
and 6 hold, then VN(B — ) — J71B, 5 N (0,9.) .

Theorem 5 establishes that, if the researcher assumes the moment equations hold in pop-
ulation, the JMM estimator E remains robust to link function misspecification. In particular,

B is consistent for 3,., the unique solution to the pseudo-population moment equations (13).

Under the link function misspecification, the one-step estimator becomes

BOS = B - H(aaﬁ)_lsn(aa B)? <15)
with the JMM estimator (&, 3) substituted in. Note that
H(e, 8) := Hy(ar, 5) — Hiz(ar, 5) "Has(ar, 5) " Hya (v, B), (16)
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is the concentrated Hessian matrix with the full expression in Appendix A.1, and

sn(a, B) := sz(ax, B) — His(ex, B) "Hui (v, B) 'si(ax, ),

is the concentrated score function. Under link function misspecification, Bog in (15) centers

around
anj = Bn* - H(a*, 5n*)_1E3n(a*a 571*)’ (17)

which can be seen as a projection of f3,, by concentrating out the fixed effects. When
the link function is correctly specified, (., Bns) = (o, Bo), thus By = B = So because
Esp (@, Bnx) = Es,(a, 5y) = 0. Furthermore, our OS and BG estimators in the misspecified
case share similar asymptotic properties from their counterparts when the link function is
correctly specified, except that they now center around the projected pseudo value 3,4 instead
of fy.

For the next theorem, let H, = plim,,_, . H(a, B,«), and define b, similarly to by, but
with (@, Bn«) and the misspecified link function G(-). The asymptotic covariance matrix I',
is

[, := lim N—lH*—1 Lo, + HIQ*Hl_ll*Ill*(Hl_ll*HE*)T

! B (HH'" (18)
n—oo _Hsz*Hlll*Iw* - (HlTQ*Hnl*Iw*)T

Theorem 6 (OS and BG Estimation under Misspecified Link Function). Suppose all the
bounds in Assumption 5 hold for each element of H,H'. If Assumptions 1-3 and 6 are
satisfied, then

d

VN (Bos = Bug) —H'b. 5 N(0,T.) and
V'N(Bec — Buz) 4 N(0,T,).

We point out that the limits of the variance term and Hessian term are functions of
(ouy, fBns) because By is a function of (e, Bne) by (17). Theorem 6 demonstrates that Brq
serves as a robust estimator for common parameters in the following sense. If the link
function is correctly specified, BBG centers around (3, without bias and achieves the CRLB
asymptotically. Otherwise, BBG centers around a projected pseudo value with no asymptotic
bias. Finally, we can estimate I, by I = S(d,B)S(d,B)T and H, by plugging (d,B) into
(16), which together give a consistent estimator for T', by (18).

To summarize, we extend our analysis beyond the core parameters of interest. We first
establish that APEs can be consistently estimated, with the plug-in, SJ, and bagging proce-
dures yielding asymptotically unbiased estimators whose slower y/n-convergence rate renders

the incidental parameter bias negligible. We then show that, under link function misspecifi-
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cation, the JMM, OS, and BG estimators remain well-behaved by converging to pseudo-true
values, with the bagging estimator in particular providing robustness and efficiency, thereby
ensuring the practical relevance of the methodology in both well-specified and misspecified

settings.

5 Monte Carlo Simulations

Building on the theoretical properties established above, we now turn to Monte Carlo
simulations to evaluate the finite-sample performance of our estimators. We first assess the
accuracy of the JMM, OS, and BG estimators for 3y, and then examine how well the method
recovers the individual fixed effects ay and the APEs. Finally, we study the robustness of
our estimators under link function misspecification and in sparser network settings.

The data generating process (DGP) is as follows. We set 3y = (1,—1)T, and draw the
first covariate of X;; as X ;; R Bernoulli(0.3), X;,;; = Xj j;- This way, we allow for discrete
variable in X;;. For the second covariate of X;;, we draw X; kg U(—0.5,0.5) and let X, ;; =
| X; — X;|. Next, we generate the individual fixed effects by setting a; = 0.75 x X; +0.25 x &,
where &; SO (—0.5,0.5) and is independent of all other variables so that «; and X;; are
correlated via X;. We independently draw the idiosyncratic shock to each dyad, €;;, from

the standard logistic distribution, and obtain the outcome of each ij pair by
Y;'j = 1(041 + X;;ﬁo — €5 > O) . 1(ij + X]—Eﬁo — €55 > 0)

For all the simulations in this paper, we run R = 1,000 replications. For the baseline
results, we set n = 100 and 200, which is comparable to the size of the data used in our
empirical applications. To further investigate the performance of the estimator of the high-
dimensional fixed effects, we also let n = 500 and 1,000. We report the mean and median
bias, standard deviation, mean and median absolute bias, and the root mean squared error

(RMSE) across replications.

5.1 Main Estimation Results: 5, and «

Table 1 reports the results of estimating the common parameter 5y for n = 100 and 200
when the network has a density of 25%. Here are the main observations when n = 100.
First, in terms of the bias, the BG estimator performs significantly better than JMM and
OS, which is consistent with Theorem 3. Second, BG works very well in simultaneously

achieving bias-correction and low standard deviation, leading to the lowest RMSE.? Third,

3Though not reported in the tables, we find that SJ (without BG) doubles the variance of JMM and OS
estimators in the simulations, which is in line with the theory.
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Table 1: Baseline estimation results for Sy

= 100 JMM OS BG

Bl 52 51 62 Bl ﬁ?
Mean Bias 3.04 -2.88 291 -2.82 -0.26 0.28
Median Bias 3.02 -3.45 287 -3.61 -0.22 -0.34

Standard Deviation 594 13.49 591 1352 5.73 13.18
Mean Standard Error 5.68 1296 5.68 12.93 5.68 12.93
Mean Absolute Bias 538 11.15 5.32 11.16 4.59 10.58
Median Absolute Bias 4.53 9.31 4.37 9.38 4.01 9.25
RMSE 6.67 13.8 6.59 13.81 5.74 13.18
90% Coverage Rate 84.5 87.8 85.2 87.7 90.1 88.8
95% Coverage Rate 91.0 93.7 91.3 936 948 94.5

00 IMM 0S BG

oo B B B B
Mean Bias 142 -1.71 137 -1.66 -0.17 -0.14
Median Bias 1.47 -2.03 137 -1.81 -0.19 -0.29

Standard Deviation 2.80 6.52 288 6.50 2.84 6.40
Mean Standard Error 2.78 6.36 2.78 6.34 2.78 6.34
Mean Absolute Bias 259 540 256 536 229 5.08
Median Absolute Bias 2.26 4.60 2.18 4.50 193 4.21
RMSE 3.22 6.74 319 6.70 2.85 6.40
90% Coverage Rate 844 88.0 84.6 882 89.7 90.0
95% Coverage Rate 90.6 94.1 90.8 94.1 952 95.7

Note: All values have been multiplied by 100.

the coverage probabilities of the confidence intervals constructed using the asymptotic dis-
tribution of each estimator are close to their nominal levels. Finally, the mean standard
errors implied by the asymptotic theory are close to the standard deviations computed from
the Monte Carlo simulations across all estimators. We also find that the quantiles of the
empirical distributions for all estimators are well approximated by the same quantiles of the
corresponding asymptotic normal distributions. These results further support our theoreti-
cal findings. When n = 200, the performance of all the estimators improve. The RMSE’s,
for example, are about half the size of those when n = 100, which is expected given the
v/ N-convergence rate and v/N = O (n). The coverage probabilities also improve.

Given the large number of individual fixed effects, we plot in Figure 2 the histogram of
a; — ago for © € Z,,. All the histograms are well centered around 0. As n increases, the
performance of @; improves. Moreover, the range of estimation errors shrinks toward zero

as the sample size increases, consistent with our theoretical predictions.
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5.2 Extended Estimation Results: APEs, Link Function Misspeci-

fication, and Sparser Network

Table 2 summarizes the APEs for each coordinate of X;; defined in (10). Our plug-in

estimator performs well with respect to RMSE and coverage probabilities. When applied to

the estimation of APEs, the split-network jackknife bagging method does not yield mean-

ingful improvement. As predicted by Theorem 4, the asymptotic bias in estimating APEs is

asymptotically negligible, of a smaller order than the bias in estimating [,.

Table 2: Estimation results for the APEs

n = 100 n = 200
Plug-in Bagging Plug-in Bagging

Xijn Xijo Xijn Xijo Xiji Xijo Xiji Xijo
Mean Bias -0.28 0.14 -0.06 -0.16 -0.14 0.07 -0.02 -0.06
Median Bias -0.32 0.0 -0.06 -0.15 -0.14 0.14 -0.02 -0.01
Standard Deviation 141 273 144 279 0.75 142 0.77 1.45
Mean Standard Error 148 285 148 285 0.75 142 0.75 1.42
Mean Absolute Bias 1.14 221 1.14 226 061 1.12 0.62 1.14
Median Absolute Bias 097 1.87 091 192 052 093 0.52 0.97
RMSE 1.44 274 144 280 0.77 142 077 1.45
90% Coverage Rate 91.0 921 91.3 91.3 90.0 90.6 88.7 89.1
95% Coverage Rate 95.3 965 959 962 948 948 949 94.5

Note: All values have been multiplied by 100; true values of APEs are calibrated from a

simulation with n = 10,000 agents.

Table 3 presents the results for estimating the homophily coefficients under misspeci-

fication of the distribution of ¢;;. We draw ¢;; from the standard normal distribution, but

“mistakenly” specify the logistic link function in the estimation. We compare B to the pseudo

true value (3,4 defined in (17) and find that the results are satisfactory. The performance
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of our BG estimator dominates other estimators in terms of bias, variance, and coverage
probabilities, highlighting the efficacy and importance of employing proper bias-correction

procedures.

Table 3: Estimation results for 5, under link function misspecification

" — 100 JMM 0S BG

B Ba B B2 B B2
Mean Bias 6.11 -5.70 6.47 -5.50 -0.25 0.87
Median Bias 6.08 -5.68 6.48 -5.56 -0.25 0.83

Standard Deviation 6.34 15.10 6.36 15.00 6.09 14.41
Mean Standard Error 6.21 14.57 6.36 14.82 6.36 14.82
Mean Absolute Bias 7.22 1279 7.46 12.66 4.84 11.49
Median Absolute Bias 6.43 11.02 6.62 10.60 4.11  9.80
RMSE 8.81 16.14 9.08 15.97 6.09 14.43
90% Coverage Rate 740 873 73.1 883 90.8 91.7
95% Coverage Rate 84.1 93.0 84.8 935 96.9 955

" — 200 JMM OS BG

B B2 P B2 B B2
Mean Bias 281 -294 296 -2.73 -0.17 0.14
Median Bias 290 -3.11 3.10 -2.86 -0.01 0.06

Standard Deviation 3.0 7.66 3.04 761 298 7.48
Mean Standard Error 3.04 7.48 3.06 7.51 3.06 7.51
Mean Absolute Bias 3.45 6.62 354 650 236 594
Median Absolute Bias 3.11 5.89 3.22 5.63 197 4.98
RMSE 4.15 820 4.24 8.09 298 748
90% Coverage Rate 757 8.1 752 875 90.2 90.6
95% Coverage Rate 84.7 929 839 929 956 95.7

Note: All values have been multiplied by 100.

Finally, we examine the performance of the method in networks with fewer links on
average. To this end, we lower all o;’s by one, resulting in a network density of 8.6%. As
reported in Table 4, network sparsity worsens the performance of all estimators. Nevertheless,

the BG estimator continues to outperform the others across nearly all metrics.

6 Empirical Applications

This section presents two empirical applications. First, we apply our method to the
Nyakatoke risk-sharing network dataset (De Weerdt, 2004). Our empirical findings com-
plement Gao et al. (2023) by showing that wealth difference has no statistically significant
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Table 4: Estimation results for Sy under a sparser network

n = 100 JMM OS BG

Bi B &5} B2 Bi B
Mean Bias 4.47 -825 517 -5.15 -0.23 0.18
Median Bias 446 -8.02 506 -494 -0.31 0.50

Standard Deviation 747 1780 7.49 1795 7.08 17.00
Mean Standard Error 7.40 1791 7.42 17.93 7.42 17.93
Mean Absolute Bias 7.01 15.82 7.35 15.03 5.64 13.70
Median Absolute Bias 6.02 13.46 6.22 13.05 4.72 11.79
RMSE 8.70 19.62 9.10 18.67 7.09 17.00
90% Coverage Rate 84.5 853 823 88.1 914 91.2
95% Coverage Rate 91.1 934 90.0 947 964 96.8

= 200 JMM OS BG

oo B B B B
Mean Bias 1.89 -3.60 215 -221 -0.35 0.29
Median Bias 1.97 -3.64 221 -242 -0.25 0.07

Standard Deviation 3.73 869 3.71 871 3.63 8.50
Mean Standard Error 3.59 873 3.60 8.72 3.60 &8.72
Mean Absolute Bias 3.35 7.57 346 722 290 6.79
Median Absolute Bias 2.88 6.51 3.01 6.28 248 5.82
RMSE 4.18 9.40 429 899 3.65 8.51
90% Coverage Rate 834 87.0 826 89.3 894 90.9
95% Coverage Rate 90.4 93.1 899 941 945 96.0

Note: All values have been multiplied by 100.

impact on the link formation. Second, we use the India microfinance network dataset (Baner-
jee et al., 2013) to study the influence of caste and various measures of wealth difference on
forming an information and favor link between households. We find that while belonging
to the same caste has a significantly positive effect, the relationship becomes more nuanced

when considering wealth differences among households.

6.1 Nyakatoke Risk-Sharing Network
6.1.1 Data

The network data of Nyakatoke, located in the Kagera Region of Tanzania, covers a
small Haya community of all 119 households. We investigate how important are wealth
difference, distance, and blood or religious ties in deciding the formation of risk-sharing links

among local residents. The dataset includes the following variables: (i) whether or not two
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households are linked in the insurance network, (ii) total USD assets and religion of each
household, (iii) kinship and distance between households. To define the dependent variable

link, each household was asked:

“Can you give a list of people from inside or outside of Nyakatoke, who you can personally

rely on for help and/or that can rely on you for help in cash, kind or labor?”

The data contains three answers of “bilaterally mentioned”, “unilaterally mentioned”, and
“not mentioned” between each pair of households. Considering the question is about whether
one can rely on the other for help, we interpret both “bilaterally mentioned” and “unilaterally
mentioned” as they are connected in this undirected network. In the context of the village
economies, the risk-sharing links are unlikely to be driven by efficient arrangements of side-
payment transfers, thereby satisfying NTU.

We estimate the coefficients for three regressors: wealth difference, distance and tie be-
tween households. Wealth is defined as the total assets in USD owned by each household,
including livestocks, durables and land. Distance measures how far away two households
are located in kilometers. Tie is a discrete variable, with the value “3” if members of one
household are parents, children and/or siblings of members of the other household, “2” if
nephews, nieces, aunts, cousins, grandparents and grandchildren, “1” if any other blood re-
lation applies or if two households share the same religion, and “0” if no blood religious tie
exists. Following the literature we take natural logarithm on wealth and distance, and we
construct the wealth difference variable as the absolute difference in wealth, i.e.,

X;; = (|In (wealth;) — In (wealth,)|, In (distance;;), tie;;)"

Five households in the data have no information on wealth and/or distance. We drop

these observations, resulting in a sample size n = 114, which creates a network data of

N = 12,882 observations. Table 5 reports the summary statistics.

Table 5: Summary statistics for the Nyakatoke network

Variables Mean Std. Dev. Min Max
link 0.0732 0.2606 0 1
(In) wealth difference 1.0365 0.8228 0.0004 5.8898
(In) distance 6.0553 0.7092 2.6672 7.4603
tie 0.4260 0.6123 0 3
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6.1.2 Results and Discussion

Table 6 presents the estimation results for the homophily coefficients and the APEs. The
estimated coefficient for wealth difference is negative using all three methods. However, we
cannot reject the null that it is zero based on the test using the asymptotic distribution of the
BG estimator. To interpret this result, consider two scenarios. First, when two households
have similar wealth levels, everything else being equal, they may still be reluctant to form
a risk-sharing link since neither household would likely have sufficient capacity to insure
the other against unpredictable shocks, such as natural disasters or severe illnesses. Sec-
ond, consider households with substantial wealth differences. In this case, according to the
link formation rule (7) under NTU, the linking decision is primarily driven by the wealthier
household. Here, link formation is again unlikely because the richer household’s expected
surplus from the risk-sharing arrangement would typically be negative. Thus, the net effect
of absolute wealth difference on link formation is expected to be close to zero. Clearly, the
requirement for bilateral agreement to form a link under NTU plays a crucial role in both sce-
narios. Our estimates of the homophily coefficient for wealth difference align well with these
explanations. While Gao et al. (2023) also obtain a negative coefficient for wealth difference,
they do not provide inference results, given their emphasis on semiparametric identification.
In contrast, our framework leverages the link function to conduct comprehensive inference,
thereby quantifying the statistical uncertainty of the estimates. This contribution makes our
paper complementary to theirs

In addition to the wealth difference, under BG the coefficient for distance is significantly
negative at -0.8187, and that of tie is significantly positive at 0.5817. The results are intuitive.
We further report the APEs in the last two columns of Table 6. We find that the APE of
wealth difference is not significant based on either the plug-in or the bagging estimator.
Distances between households and social ties, on the other hand, matter more significantly
in terms of the APE.

Finally, we estimate the individual fixed effects a; and plot their distribution in Figure
3. We find that most estimated fixed effects are in the range of [2,4], although some exceed

this range, reflecting heterogeneity in unobserved household characteristics.

6.2 India Microfinance Network
6.2.1 Data

The Indian microfinance network dataset of Banerjee et al. (2013) is based on a de-

tailed survey of villagers in India, which records their daily interactions and demographic
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Table 6: Estimation results for the Nyakatoke network

Variables Coeflicients APEs

JMM OS BG  Plug-in Bagging

(In) wealth difference  -0.0882  -0.0974 -0.0777 -0.0065 -0.0083
(0.0676) (0.0641) (0.0641) (0.0052) (0.0052)

(In) distance -0.7824  -0.8636  -0.8187 -0.0576 -0.0641
(0.0530)  (0.0536) (0.0536) (0.0065) (0.0065)
Tie 0.6714  0.6287  0.5817  0.0514  0.0501

(0.0546)  (0.0556) (0.0556) (0.0059) (0.0059)

Note: Standard errors are reported in the parentheses.
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Figure 3: Histogram of & for the Nyakatoke network

information such as caste, family size, and wealth. The survey covers 89.14% of the 16,476
households across 75 villages. Village sizes vary, with an average of 220 households. This
yields a total of N = ZZSZI ("ZT) = 1,238,970 links in the full sample.

For the dependent variable, we follow Chandrasekhar and Jackson (2025) and consider
two types of links: an “information link,” defined when two households exchange advice, and
a “favor link,” defined when they borrow or lend material goods. Both are binary variables
corresponding to Y;; in (2). As for the covariates, we use six dyadic variables that are
constructed based on the demographics of each household. The first set of covariates is
binary, taking the value 1 if two households share the same characteristics and 0 otherwise.
These binary characteristics include (i) what caste group the household belongs to, (ii)

whether the household has access to electricity, (iii) what type of latrine the household uses,
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and (iv) whether the household owns or rents a house. The second set of covariates includes
the absolute differences in the number of beds and rooms between pairs of households.

Summary statistics for these variables are reported in Table 7.

Table 7: Summary statistics for the Indian networks

Variable Mean Std. Dev. Min Max
Information link (Dependent Variable 1) 0.0330  0.1787 0 1
Favor link (Dependent Variable 2) 0.0388  0.1932 0 1
Same caste 0.4828 0.4997 0 1
Same electricity 0.5244  0.4994 0 1
Same latrine 0.6201 0.4854 0 1
Same ownrent 0.8488 0.3583 0 1
Bed number difference 1.0371 1.4439 0 50
Room number difference 1.2789 1.2898 0 18

6.2.2 Estimation Results

We estimate ag and [ for each of the 75 villages, for both the information and favor
networks, using our BG estimator. Figures 4 and 5 present histograms of the village-level
t-statistics, computed from the BG estimator BBG and compared with their asymptotic
distribution, for the information and favor networks, respectively. Figures 4 and 5 show the
distributions of the estimated fixed effects @; for each network.

We highlight several findings. For the first four binary covariates labeled with “same,”
which capture whether two households share a characteristic, the BG estimates BBGare gen-
erally significantly positive in both networks. Most corresponding t¢-statistics exceed 1.645,
the 95" percentile of the standard normal distribution. Intuitively, households with the
same caste, access to electricity, latrine, or housing tenure are more likely to be linked. By
contrast, the BG estimates for the last two discrete covariates—differences in the number
of beds and rooms—are negative in both networks, indicating that greater differences in
these characteristics reduce the likelihood of connection. Moreover, the t-statistics for “same
caste” are much larger in absolute value than those for the other covariates, showing that
caste plays a crucial role in link formation in Indian villages. Finally, Figures 6a and 6b
reveal substantial heterogeneity in the distributions of the estimated fixed effects a; across

individuals, underscoring the importance of incorporating fixed effects in the model.
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7 Conclusion

In this paper, we propose a bagging estimator for the homophily coefficients in a dyadic
network formation model. The estimator is asymptotically efficient, a property implied by
Le Cam (1969)’s result on the one-step approximation to the ML estimator, and it is unbiased
owing to the use of bagging in the split-network jackknife procedure. We also estimate
the high-dimensional individual fixed effects and establish their consistency. In addition,
we extend the framework to study the average partial effects (APEs) and link function
misspecification. Extensive simulations show that the estimators perform well under various
settings. Finally, two empirical applications—the Nyakatoke risk-sharing network and the
Indian microfinance network—demonstrate the practical relevance of our approach.

This paper serves as a stepping stone toward more flexible models. Our theory currently
relies on an additive specification of the utility surplus for each individual (e.g., ayo + acg Bo)
and correct specification of the link function distribution F' (-). Relaxing these assumptions
would enhance robustness, and the insights from the sieve MLE literature (Shen, 1997; Chen,
2007) could be useful. Moreover, as noted in the introduction, our focus on dyadic link
formation under NTU excludes interdependence in link preferences. An important direction

for future work is to develop tests for this assumption in dyadic network formation models.
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Appendix

A Matrices and Lemmas

In this Appendix, we first give explicit formulas for the various matrices used in the
main text. Then, we present several lemmas that are used in the following proofs. We write
“a, < b,” to denote a, = O(b,) and b, = O(a,) simultaneously. We use C,Cy,... to

represent strictly positive and finite constants.

A.1 Definitions of Matrices in the Main Text

Let the Jacobian matrix of m(e, ) be

Vorm(a, §) vﬁfml(a,ﬁ)> _ (Jn(a,ﬁ) Jlg(a,ﬁ)>

J(a,ﬂ) - Vm(avﬁ) - (Varmz(ohﬁ) V,BTmz(Ohﬁ) J21<O‘75) ‘]22(0"5)

where we separate it into four blocks according to the variables of differentiation. In Ap-
pendix A, we provide explicit expressions for these blocks. It is worth emphasizing that
Jiu(a,8) # Ji(a, B)" and Jia(a, B) # Ja(a, B)7, and thus J(ev, 8) is asymmetric. The
consequence of the asymmetry is that m(ea, 5) can not be written as a gradient function of
any scalar-valued criterion function.

The concentrated Jacobian matrix for S is defined as

3u(3) = P — 5(6(6). ) - (@) I @), 8)T(@(9). ),

Then, we let

Vo Var(m(a,ﬁ)|x, ao) _ ( Var(my) Cov(ml,m2)> o (VH V12>

Cov(ml, mg)T Var(mg) B VE V22

be the covariance matrix of m(e, 3). As we show in Appendix A, V does not depend on
the unknown parameter (c, ) because, as a covariance matrix, the demeaning operation

cancels them out. Define

1
BkO = lim

where Ry, is defined by (A25) in the Appendix B. Let By = (B, ..., Bgo)' and the limiting

variance matrix be

Tr [Jl‘fVu (" Rk] (A1)

Qo = T}glgo N7 [Var + InJ ' Vi (I I T = I Jy Vs — (J21J1_11V12)T} (o9,
(A2)



where Jg is the probability limit of N=1J,,(8). We discuss J, in more details in Appendix B.
If o is known, the asymptotic variance of 3 — f, reduces to J5; VayJ5,, and the additional
terms in (A2) arise from estimating a.

Next, we derive the explicit expressions of the matrices introduced above.
Jacobian matrix. First, Ji;(e, 3) is an n X n matrix whose off-diagonal and diagonal

elements are given by

[J11 (e 5)]--:—1713'( 5)fji( ﬁ), 1<i#j7<nand

(e, B)); == fila, o, f), €T,
J#

respectively. Clearly, [J 11(a,6)}ij # [Ju(a, p)] ji~ Moreover, a specific relationship holds

between the diagonal and off-diagonal elements, i.e.,
Ju(e, B)];; = Z[Jll(a7ﬁ)]ji7 i € 1.
J#1
Hence, Jy1(cr, 8)T is asymmetric and diagonally dominant with strictly positive entries by

Assumption 3. We prove that J; (e, §) is invertible under Assumptions 2-3 in Lemma A2.

Next, Ji2(e, 8) is an n x K matrix whose ith is
= [fijle B)Fi(ex. ) + Fyj(ex, B) fis(ex, B)] .
J#i
Similarly, Ja1(ex, 8) is a K x n matrix and its ith column is —3 ., fi;(a, B) Fji(ex, B)zi;-
Finally,

JQQ Zz,fzj ﬁ)IUIZ—g

i=1 j#i

is a K x K matrix.

Variance matrix of moment equations. Vii(a, () is an n x n matrix whose off-diagonal

and diagonal elements are

Vi (a,ﬁ)]-:pij(a 5)(1—pz~j(a,ﬁ)), 1<i+#j<nand

[ aa sz] 1_]7]@(0175))7 { eI’ru
J#i

respectively. Vi, is an nx K matrix whose ith row is Z#i pij(o, B)(1—psj(a, B)):cj] Finally,
Voo =300 3 s bij(e, B)(1 = pyj(ex, B))wja ;.



Hessian matrix. For Hyi (e, ), an n X n matrix, it has entries:

fij(ex, B) fji(ex, B)
(1= pij(e, B))?

f2(ex, B) Fyi(ex, B)
[Hu (e, )] :; (e, B)(1 = pyten, B)) + (yij — pij

5 D) Fy(en )1 = py(en ) — fi(en B)(1 = 2ps(ex, B))
Fi e B)(1 = pi(ex, B))? |

Hii (e, B)]ij = — 1<i#j<mn,

(v, )

1 €1L,.
Next, His(er, ) is an n x K matrix and its ith row is

Z[_(1_yij)fz‘j(a,ﬁ)fﬁ(a,ﬁ) fi (e ) (e, )

(1 —pij(e, §))*  Fij(e, B)(1 = pij(ex, B))

(e, B)Fy(e, B)(1 — pij(ex, B)) — f2(ex, B)(1 — 2pyj(ex, B) +
Fy(a, B)2(1 — py(x, §))? ui

JF

+(yi; — pij(a, B))

Finally, Has (e, B) equals

il B) fii(a, B fz‘Qj(avﬁ)F}i(aaﬁ)
ZZ[ B f( ) fiilex, B)

(1 pij(e, 8))*  Fij(e, B)(1 = pij(ex, B))
+ (yij — pij(ew, B))

% fi(].l)(a,ﬁ)Fw( 5)(1 —pw( 5)) - f%(a,ﬁ)(l — Qpij(a’ﬁ))x”xj"
Fé( B)(1 —pij(e, B))? ijlij

i=1 j#i

Information matrix. First, I;(e, §) is an n x n matrix whose off-diagonal elements and

diagonal elements are

et RS i
ff] Fyi(e, B) .
Ill ZF 1 _pzj( B))? t GInv

respectively. Next, I1s(a, §) is an n x K matrix whose ith row is

fij(ayﬁ)sz‘(a,ﬁ) ffj( 6) i, B) T
Z[ 1_pij(a7ﬁ) +F1J< B)(l_pm( 5)) T

J#i



Finally, I (e, f) is

-
ij:

Xij T

flj f]l( ﬁ) 123(05 B)F]z(a 6)
ZZ { 1 _pw o, ) * Fm( ,8)(1 _pw( ﬂ))}

=1 j#i

In what follows, we apply the mean value theorem for vector-valued functions in its

integral form, as in Chatterjee et al. (2011). For example,

m, (@, ) — my (e, ) = [/01311(04 +t(a— 0)75)6#} (@—a)=J}(a,aqf)(a—a).

We write J§, (@, a; 8) as J{; (@, &) whenever there is no confusion, and other integral form

Jacobian matrices are defined similarly. Notice that for each fixed t € (0,1), we have
Ju(a+t(a—a), B, = Zj;éi [Ji1 (e + t(a — 0‘)75)]3‘1'? S0

3@ / S Pue+ @ —a), )l dt = 3 [35(@& o),

JFi JFi
which implies J§, (@, &) inherits the property of being diagonally dominant from Jy;(a +

Sandwich form covariance matrix estimator under link function misspecification.
Statistical inference for the JMM estimator under link function misspecification requires an
estimator of the limiting covariance matrix €,. Let mij(&,B) be an (n + K) x 1 vector
where: (i) the ith and jth elements are both y;; — ¢;;(&, 3); (i) the (n 4 1)th to (n 4+ K)th
elements are the vector of [y;; — g;; (e, B)]x”; and (iii) the rest of the coordinates are zero.

Then, we use the plug-in estimator
=3 Y @ @)
=1 j>t

Further write submatrices of V, as Vll*, Vlg*, Vgl*, and \722*, and similarly for J.. Recall

that J, is the concentrated Jacobian matrix for ,,. Then, we propose to estimate €2, by
Q, = Nﬁljll Vage + Jor J i Vi (I Jon) T — 321*jf11*v12* — (j2l*jf11*vl2*)T (jQI)T,
(A3)

which is consistent for €2, by the law of large numbers.

A.2 Analytic Approximation of J;|!(a, 3)

We adapt Theorem 1 of Yan (2019) to the NTU framework to analytically approximate

the inverse of the Jacobian matrix Ji;(e, 8) and bound the approximation errors. Similar



techniques have been used to prove asymptotic normality in network estimation problems;
see, for example, Yan and Xu (2013), Graham (2017), and Yan et al. (2019). We prove
that Jy;(c, B) is non-singular for n large enough and J;}'(cx, 3) is well approximated by a

diagonal matrix.
Lemma A1l (Yan, 2019). Suppose an n x n matric A = (a;j)nxn 5 invertible with all its
entries positive and a;; > Z#i aji. Let B = [diag(ai1, ags, ..., ann)| ™, Ay = ay — Z#i aji,

,,,,,

then we have
[A™! = Bllmax = O(n7?). (A4)

Proof. The proof proceeds along the lines of Yan (2019). Let I, be the n x n identity

matrix. Define
F = (fij)uxn = A7 =B, U= (w)uxn =L — AB, W = (w;j)nx, = BU.
Then, we have
F=A"'-B=(A"'-B)(,-AB)+B(l, - AB)=FU + W. (A5)

Some algebra leads to
g =0y = ) @by = 8y — Y ap— = 8y — — = (8 — 1), (AG)
k=1 — Y @jj j

and

u u (SZ Qe 51—1 Q4
k=1

oy Qi ajj Qiijj
Recall that m < a;; < M and (n — 1)m < a;; < (n — 1)M. When ¢ # j, we have
@i M
azaj; — m?(n—1)%

such that for ¢ # j # k, the following bounds hold

0<

< M < M
wy; = 0, |wij| > m, |wii - wik| = ‘wlk" > m»
M
|wij - wik| < max(wij7wik) < m
It follows that
M .
max (|wij|, [wi; — wir]) < m, for all ¢, j, k.



We use (A5) to obtain a bound for the approximate error ||F|max. By (A5) and (A6), for

any ¢ < n, we have
=3 futg +wiy = Y fir(0j — 1)% + wi;. (A7)
k=1 k=1 4

Define fip = maxi<g<n fir and f;e = mini<x<,, fir. First, we show that f;c < 0. Since for any

fixed i, we have

(2

> faki =) ([A_l]k—ii) ak; =1—-1=0.
k=1

Hence, fie Yy ar; < >y fikar; = 0. So, we have f;c < 0. Similarly, we have that f;y > 0.
Recall that

n n a A
agy = Zakg + AQ = Z(l - 5k0)ak9 + AQ? hence? 1= Z(l - 6k9)ﬁ + _0 <A8)

a a
k0 k=1 el 00 00

for any 6, which yields the following identities

QALp Ag- - QLo fifAQ
Jie =fie | p_(1 = ko) — + E fig(1 = dko)—— + :

Qgo Qgo 00 Qgg

a A e\
(1 6 2 4 B¢ —Zfzgl—akf 1 et (A9)

fi§ :fif a
— e Qg | Qg

where the first and second part of this equation use (A8) for agy and age, respectively.
By combining (A7) with the first part of (A9) where we set j = 6 in (A7), we have

n

a i A
Jio + fie ZZ(fig—fik)(l _5k9)i9+w19+ f;ee- (A10)
k=1
Similarly, we have
2fie = 3 (e — Fa) (1 51 2 + e 4 26 (A11)
P age age
Subtracting (A1l) from (A10), we have
n Qe Ao Ay Aﬁ)

o e = U £ (1= i) = 1= 2 a2 = 1) (412

Let Q@ = {k : (1 — Ope)ane/ace > (1 — Okg)arg/age} and define X as the cardinality of Q. By
the fact that 1 — g9 = 0 and 1 — d¢e = 0, we have § € Q and & € Q (here we assume that
6 # £. Otherwise, when § = £ we have fjy = fie = 0, which is trivial). Consequently, the



cardinality satisfies 1 < A <n —1, and

n

> (= fie) {(1 — Ohe) (1 — 5,@%1

— B AN S A
< kez;(fm fie) {(1 5k§)a§£ (1 5%)&99}
< (fio — fie) [stzakg N Zkeﬂ(lae_e 5’“9)%9}
AM A-Dm
< (fuo = fie) l)\M—l—(n—l—)\)m - (A—l)m+(n—/\+1)M]

nM — (n—2)m (n—2)Mm }, (A13)

< (f,_ f
< (fio fzf){nM%—(n—Q)m [(n = 2)m + M][(n — 2)m + 2M]
where the last inequality comes from equations (15)—(17) of Yan (2019), which is obtained

by a maximization with respect to A. Because

AVIRRWAV: 2M
I A S R R S N Al4
fzf <a90 CL§§> = (fz& fz{)m(n — 1) ( )
Combining (A12), (A13), and (A14), we have
max; j x |Wix — Wil M
St < J
Jo = 6 = Gl m A = m(n — 120, m, M)’
with
_ nM — (n —2)m (n —2)Mm 2M
C(n,m, M) =1 nM+(m—2)m  [(n—2)m+ M[n—2)m+2M mn—1)
2(n—2)m (n —2)Mm 2M

nM+(n—2)m [(n—2)m+ M][(n—2)m+2M] m(n—1)
= 1.

.....

O(n™2) as m, M =< 1. Hence, we have shown [[A™! — Bl/nax = |[|Fllmax = O(n7%). O

Based on Lemma Al, we prove that Ji; (e, 8) is non-singular for (o, ) € A x B and

large n.

Lemma A2. If Assumptions 2 and 3 hold, for n large enough, the Jacobian matriz J11(cx, )
is invertible for all (at, ) € A X B.

Proof of Lemma A2. We partition Ji; (e, 3) into a block matrix as

[Jll(aa ﬁ)](l:n—l)x(l:n—l) [Jll(a’ 6)](1:n—1)><n)

Jll «, =
( /6) ( [Jll(aaﬁ)]nx(lzn—l) [Jll(a75)]nn



where the subscript denotes the specific rows/columns that each sub-matrix includes. Recall

that [Jui(e, 8)];; = 22,4 [Jui(ew, B)];, the first sub-matrix [Jii (e, 8)] (1., 1) (1.1 18 strictly

diagonally dominant with all negative entries, hence it is non-singular. Lemma A1 demon-

strates that its inverse can be approximated by diag ([Jii(ex, 8)]1} .-, [Jii(e, B), 1 y)

with maximum entry-wise error of O(n?). Under Assumptions 2 and 3, [Ji1(e, B)];; =
—n, [Ju(e, B)l; < =1, j #1i, and
Ju (e, B)],,x (1:n—1) [Ji(a 5)](1 —1)x(1in—1) [J11<a75)](1n 1)xn
= [J12( A 1on 1y diag (Fua(e, B)]5 - Fua(es B 1 y) [311(@ B)] an 1)
+0(n™%) X [J1(@, )11y 117 [T11(@, B)] 101y
o [Jui(e 8)],; T (e, B, n~2 a ' o R -
- Z ZJ#’L [J11<aaﬁ)]ji + O( ) {Z [Jll( 75)]n1} X {Z [Jll( 75)]”1} O(l)

Thus, we have

[Jll(a7 6)]7171 - [Jll(a7 6)]n><(1:n—1) [Jll(a7 6)](_1?n—1)><(1:n—1) [Jll(a7 6)](1:n—1)><n
=—-n—-—0(1)#0

for n large enough. Finally, by the formula for the determinants of block matrices, we have

]

]1n 1)x(1:n—1)

det [JH( ,B
= det [Jll( ,B

{13000 )] = F11000 Aty 11 (0 D tysetny 911006 )1y} 70

for n large enough. Hence, Ji; (e, () is invertible for large n. O

)
)

For the inverse of J11 (e, f), it is straightforward to verify that —Jq; (e, ) satisfies condi-
tions in Lemma A1. Let T(a, 8) = [diag (J11(ax, 8))]". Applying Lemma A1l to —J (e, 3),
we have ||[[=J11(a, 8)] " + T(t, 8)|lmax= O(n~2) under Assumptions 2 and 3. All of these
results could be applied to J9, (&, ), where T°(&, ) denotes the diagonal approximation
for [J, (&, a)] .

A.3 Deviation Bound

We derive several useful non-asymptotic deviation bounds in this subsection. The follow-
ing probabilities are defined conditional on ax and x; for brevity, we suppress its conditioning
whenever it is clear from the context. Lemma A3 provides a bound on the deviation of the
weighted sum of centered Bernoulli random variables, > .; Aij(yi; — pij). This result is used

extensively in the proof.



Let {Aij};,;_, denote a sequence of bounded constants that satisfy max; ; [A;;| < Ci.

Lemma A3. If Assumptions 2 and 3 hold, , then we have

1
Pr { max
1<i<nn — 1

Proof. First, notice that |\;;(yi;; — pij)| < 2C; because y;; — p;; € (—1,1); in addition, y;;’s

D iy — i)

J#i

1
> y/8 Og?} < on2 (A15)

are independent Bernoulli random variables with expectations p;;. By Hoeflding’s inequality

(see Theorem 2.8 of Boucheron et al., 2013) for the sum of bounded and independent random

142
> t) < 2exp <—%> .
1

variables, we have

1
Pr(
n—1

Letting t = C14/6(n — 1)~'logn, we obtain
Pr 1 > (4 Glogn < on = at — 2n73,
n—1 -1
By Boole’s inequality,
P ! A
T 112%32 n—1 z#: ij (yw - pzj)
jF#i

We complete the proof. []

Z Nij(Yij — pij)

J#

D iy — i)

J#i

61
e Og;‘) <n-2n78 =22 (A16)

Using Lemma A3, we can bound the estimation error of &(fy) —avg, which guarantees that
our moment estimator is consistent for ag when [y is known. This result can be strengthened

to prove the second part of Theorem 1, which we do in Appendix B.

Lemma A4. If Assumptions 2 and 3 hold, then we have

pr{ TS A )| > Oy QIjj?N} < (nfn — 1)) (A17)

i=1 j>i
Proof. Similar to the proof of Lemma A3, by Hoeffding’s inequality, we have

1 |« Nt?
Pr (N ZZ/\”(]J” _pZJ) > t) S 2€Xp (_2_6'12) .

i=1 j>i

Letting t = %, we obtain
1 2log N

Pr (N > Chy/ (ng > <2Nt=(n(n-1))"". 0O

9

Z Z Aij(Yij — Pij)

i=1 j>i




Lemma A5. If Assumptions 2 and 3 hold, with probability at least 1 — 2n=2, we have

|G(60) — ol = O (\/ 105”) ,

H\/ﬁ[a(ﬁo) — o] + (%) (e fo)

and

NG ~0 (kz/gﬁ"> . (A18)

Proof. The rest of proof is conditional on the following event, which happens with proba-

bility at least 1 — 2n~2 by Lemma (A3):
o 1 Glogn logn
e {5 [ < 55 o (yf22)

J#
For any finite n, a first-order Taylor expansion of the estimating equation for a(f),

m, (a(fy), Bo) = 0, around oy gives

m; (@(Bo), o) — my (e, o) = J7;(a(Bo), o) (@(Bo) — )

which implies that

a(%) — Qg = — [Jcl)l(a(ﬁﬂ)7 ao)]il m1(0107 50)

because my(a(fy), Bo) = 0 by the definition of a(f5y). Recall the diagonal approximation
of [J$ (o), )] " is T°(a(fy), ap). By Lemma Al, we decompose &(fy) — ey into two

parts and apply the triangle inequality:

[a(Bo) — eolloo
= |T°(@(Bo), ato)m(exo, o) + [I7;(@(Bo), o) — T°(&x(Bo), o) mi (o, o) loo
< IT*(@(Bo), o) my (o, Bo)|loo + [[[I71(@(B0), o) — T°(&x(Bo), xo)Jmi (o, o) loo
< T*(@(Bo); ao) |loo|[1m1 (o, Bo)[loo + 1971 (€(Bo), o) — T (@(Bo), o) | oo |11 (€x0, Bo) | 0o-

We analyze the two parts on the right hand side of the last line separately. For the first
part, notice that T°(a(5), o) is a diagonal matrix and each diagonal element is of order
O(n™1) uniformly, hence ||T°(a(5), @o)]|lcc = O(n™'). Recall the definition of m; (g, Sp)

and by Lemma A3, we obtain
_ 0 ( log n) .
n

193, (8(6o), o) — T°(&(5o), exo)lloo < |7, (8(B0), @t0) — T°(&(So), %0)l|max = O(n ™).

IT°(&(Bo), o) o M1 (eto, o) oo = O(n™") - max

1<i<n

Z(yij — Pij)

JF

For the second part, by Lemma A1, we have

10



Hence, we have

1971 (a(Bo), o) — T*(@(fo), €)oo |lm1 (0, Bo)| oo

logn
>y —py)| =0 ( - ) -
Combining these two results, we have

JF#i
(50) — ol = O <\/10§”> .

We turn to the proof of (A18). By the second-order Taylor expansion, which is also used

= O(n™') - max

1<i<n

in the proof of Lemma 6 of Graham (2017), we have

m1(a(50), 50) - ml(ao, 50)

= Jui(ew, Bo)[a(Bo) — ao] + %

n O~ék ) R
> (6n(Bo) — ako)M] [a(fo) — o] (AL9)

Oa
k=1 k

with the mean value &* lying between a(f;) and o and possibly varying with different k.
With a slight abuse of notation, we write all &* as &. Because only the kth row and the

kth column of Jq1 (e, 5) contain functions of oy, by a direct calculation we write the entries

of Ay = —8‘]“8(02’60) as

(At)pg =0, p#kandq#Fk,

Ak)kl = _fkl( ! BO)flk(d ﬁo% l 7é ka
A = —f) (& ﬁomk( Bo) [ #k,
(Ak)r = kap &, f)-

p#k

Hence, let A = >0, (a4 (Bo) — g )M whose entries are

Aij = —(&i(Bo) — o) fij (e, Bo) fii(ex, Bo) — (&5(Bo) — Oégo)sz (&, Bo) Fij(ex, Bo), i # J,
Ni = —(Gi(Bo) — i) D £ (6, Bo) Fyi( e, Bo) — > (6(Bo) — curo) fir (. Bo) fri( . Bo).

i ki
Define the n x 1 vector

mi= > (o) - o) EE P 6 ) — )

k=1

11



Then, its ith element 7; can be calculated as

ni = Nii - (&(Bo) — cvio) + ZAij - (65(Bo) — ajo)

j#i
= = P (6 Bo) Fi( @, Bo) (6 Bo) — an)?
j#i
— > fiil6r, Bo) f1i(6, Bo) (6 Bo) — cvio) (6;(Bo) — vjo)
J#i
3" D@ Bo)Fy(é, Bo) (65(Bo) — o).
J#i

By Assumption 3, F};, fij, f are all bounded by some constants. So, we have
il <3(n—1)-0(1) - [|[& — e[,

uniformly for ¢ = 1,...,n, which implies that ||n]je < 3(n —1)-O(1) - O (*&2) = O(logn)
because ||a — ||, = O(y/(logn)/n). By the triangle inequality,

_ _ _ logn
1951l = ITn + (377" = T)nllec < (I Tl + 1957 = Tlloo) [Mlloc = O ( n ) '

Finally, by (A19), we have

V(@ (f) — o) + (J?) %

1 _ logn
=il <o () 5

B Proofs of Main Results

In this section, we prove Lemma 1 and Theorems 1-6.

B.1 Proof of Lemma 1

Before proving Lemma 1, we state a different version of Lemma 2.1 of Chatterjee et al.
(2011). Given § > 0, we say an n x n matrix A belongs to the class G, (0) if [|A]j; <1, and
for each 1 <17 # 7 <n,

Aii S (5, and A'L’j Z - d .
n—1
Lemma A6. If A,B € G,(5), we have
2(n—2
Bl <1- 2"

Proof. This is equivalent to proving if A, B € G,(8), then [BTAT [ <1 — 222262 which
is a direct application of Lemma 2.1 of Chatterjee et al. (2011). O

12



We prove Lemma 1 based on this lemma.

Proof of Lemma 1. First, suppose a solution to m; (e, 5) = 0 exists. Let G(a, &) be the

matrix whose (i, j)th element is

[G°(a, )]

1 —t)a)dt.
[ Sas - 0a)
Then, by an integral type of mean value theorem, we have

rla)—r(a) =G (a,a)(a— a).

Notice that for ¢ # j, Or;/0a; = —(n — 1) fi;(ex, B) Fji(ex, ) < 0; while for each 4, Or;/0c; =
1—(n—1)>, fijle, B)Fji(ex, B) > 0. Moreover, for each i,

& or; or;
Z _8ai_;8oi:1'

=
For each i and any «, this proves ) 7 |[G°(a, @)

87"]
oy

| =1, ie, |G°(a, )]y = 1. By As-

sumptions 2 and 3, we know that f;;(cx, 8)Fji(ex, B8) € [C1Cs, (1—C4)(1—C5)], which implies

87']' 0102 ari

< — d

ooy, = n—1’ an O

where the last inequality holds because Cy + Cy > 24/CCy > 2C5C, provided C, Cy < 1/2.

So, if we choose &; = C1Cy (< 1/4), it follows that [G°(ar, @)];; < 61 and [G°(at, @) > —-24
. Therefore, we have proved G°(a, &) € G,,(9).

> Cy + Cy — C1Cy > €10y,

By the updating algorithm (4), after every two updates, we have

0 +2(8) ~ &(B)]: = lr(r(a () ~ r(r(@())]s
— |G (r(a*(9)), &(5) (e (3)) — &)l
< 1G5 (e (), &(9))G (o (8), &(9)) (0" (8) - &(5) 1
< |G (r(a*(9)), &(9) G (@ (9), GBIl a*(5) — &(H)]l:
< (1- 2225 1o 9) - a9l

where the first equality holds by the fact that a(8) = r(a(f)) which implies @(5) is the
fixed point of the updating function, and the last inequality holds by Lemma A6. We write
§i=1— 2= 2 52 and the second inequality of Lemma 1 follows.

The proof of the first inequality is identical to the argument above and is omitted for
conciseness.

By this result, r(a) is a contraction mapping for (e, ) € A x B. So, if there exists

a solution a(f) € A, the solution is unique. Now we show the existence of the solution,

13



where the main technique is adapted from Yan et al. (2016) and Yan et al. (2019). Define
a sequence of Newton iterations a**) = a® — J 1 (a®, B)m;(a®, B), and choose the
initial value as a(®) = ay. Following Proposition A.1 of Yan et al. (2016), in a convex subset
D C A that contains ay, to obtain the existence of the solution it is sufficient to establish
three facts: (1) Ji1(ex, 8) is Lipschitz continuous with Lipschitz constant of order O(n), (2)
95 (0, 8. = O™, and (3) || 3 (@, B (e, ). = O(113 = o).

For the first fact, we calculate the derivative of Jq; (e, 8) with respect to a:

0°p;
Yikiaar i=J=k
82pi]~ . . .
0J 1145 _ ~ Da; i # J k=1,
- %p; i o .
aOék; _82].] Z%jak:.jv
0 ortherise.

which implies that max;_; ‘fol BJ“’”(toég(lft)aQ) = O(n). Hence Ji;(ax, ) is Lipschitz

continuous with Lipschitz constant O(n). The second fact is a direct application of the

inverse approximation Lemma A1l. Finally, the third result follows from

H[Jn(amﬁ)]flml(aovﬁ)Hm

H[Jn(am5)]71m1(ao7ﬁo>Hm + H[Jn(ao’ﬁ)]*l [m; (e, B) — my (v, B)]Hoo
< 0p(1) + O (15 = Boll,)

= 0, (18 = Boll,) »

IN

where the first inequality holds by the triangular inequality and the second inequality is
true by Lemma A3 and the Lipschitz continuity of F(-) under Assumption 3. Then, by an
application of Proposition A.1 of Yan et al. (2016), we have limy_,,, a*) exists and the limit

equals a(p) if || — Bol|, < ¢ for some constant ¢ > 0. O

B.2 Proof of Theorem 1

We separate the proof into two parts: the first establishes consistency, and the second

establishes asymptotic normality.

B.2.1 Consistency

Recall the concentrated moment equation and its population counterpart are

-1

5.9 = (3) (@99 i 5,00 = () Bimta(d) M. el

14



respectively, where a(f3) is the unique solution to E[m; (e, 8)|x, ap] = 0. By Assumption 4,
3 and S, are unique solutions to S,(B) =0 and S,(B) = 0, respectively.
First, we present a lemma to bound the difference between S,(3) and S, (3) for 3 € B.

Lemma AT7. If Assumptions 1/ hold, we have

sup ||Sn(8) — S’n(ﬂ)Hz 50.

BeB
Proof. By the definitions of a@(f) and «(f8), we have my(a(f),5) = 0 and
E[m;(a(5), B)|x, ap) = 0. Thus,

i
By an integral type mean-value theorem, we have

a(B) — a(f) = — 5 (a(B), a(B)] " mu(ao, o).

Recall that Jo; (e, 3) := 22228 Therefore, we have

oo’

”) 35,(@(8), a(8) 351 (G(8), u(8)) " my v, o)

") T30 (@&(8), (B)T*(@(8), oe(8))mu(exo, fo)

Z Z(yij — Pij)Tij —

=1 j>i 2
+(5) 3@ @) (TG0, a(3) - @ (). @) ] i, o)
= R1 + R2 + Rg,
where T°(a(B),a(B)) = [diag(JS,(a(B), a(B)))]”" is the analytic approximation to

J71(a(B), ee(B)) by Lemma Al
Ry is of order O,(y/(log N)/N) by Lemma A4 and the fact that z;; is bounded. For Ry,

15



notice that T°(a(8), a(B3)) is diagonal with [T°(a(), a(5))],; = O(n™') and each element
in J5; (a(B), a()) is of order O(n) uniformly. Thus, by Lemma A3, we have

logn logn
\|R2|]OO:Op<n2-n-n‘v & >20p< & )
n n

Finally for R3, we use Lemma Al to bound it as

n

IRl = (5) o 195G Al
T (&(5). () ~ T @(5). () e - (et )

/1 |
:Op<n_2-n2-n-n_2-n- ogn):Op< ogn>'
n n

Moreover, all these bounds hold uniformly in 3, thereby completing the proof. [J

Proof of the consistency part of Theorem 1. By the definitions of 5 and §y, we have
SR(BA) =0 and S,(f) = 0. Combining this fact with Lemma A7, we have

53|, = |53 = 5.(8)

Fix § > 0. By Assumption 4, there exists an € > 0 such that ||5 — fo|l, > ¢ implies
Hgn(ﬂ)Hz > ¢, hence

< swp[Su(8) = Su(8)], % 0. (420)
BeB

Pr (]| - 4o Su(B)

‘225) < Pr (‘ 226) < Pr (sup”Sn(ﬁ)sze) -0

BeB
by (A20).
We turn to the proof of the convergence of & to e in the £, norm. By the integral type

mean-value theorem, we have

& — ap = — [J5,(&, )] my (g, B)

~

I (e, o) = [35(6 @)l (ma(ew, B) — mulew, o)) (A21)

I

|
=
o
B

Q

Following the proof of Lemma A5, we have H[J‘fl(&,ao)rl”m = O(n ') and

my (o, Bo)||. = O, (V/nlogn), hence H[Jil(&,ao)]_lml(ao,ﬁo)Hoo % 0. Thus, we only
need to show that O(n=") - |[my(cy, ) — my (e, Bo)|lse — 0. Notice that

||m1(040wé) —my (e, fo)llso

Z [pij(a[b B) - Pz‘j(ao, 50)] ‘

J#i

= Imax
1<i<n
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< max
1<i<n

x 18 = Boll:

2

Z fzy Oéo, ]z aOaﬂ) + Fij(amg)fji(albgﬂ Tij
J#

= O(n) x 0,(1) = 0, (n).

where we use a Taylor expansion of p;;(ayg, 3) around 3y (3 is the mean value which may
vary with 7) and the fact that f;; and Fj; are bounded by Assumption 3. O

B.2.2 Asymptotic Normality

Before we prove the asymptotic normality part of Theorem 1, we characterize the limit

of the concentrated Jacobian matrices. By Lemma A1,

N7',(8) = N7 [Tna(@(B), B) = Jar(@(B), B) T (@(B), B)~ Jrz(e(B), B)]
:N‘1J22( (8), ) = N~'Jai(@(B), B)T(eu(B), B)Jr2(eu(B), B)
— N7 (a(B), ) (Ju(@(B), B)™ — T(a(B), B)) Jiz2(&(B), B) = Op(1).

Since 5 % B and ||& — /|00 = 0,(1) by Theorem 1, we have
N7J,.(8) & Jo := plim,,_, N"'J,.(6o) (A22)

for any /3 lies between 3 and (y. The existence of Jy is guaranteed by the identification
Assumption 1.

Now, we turn to the proof of asymptotic normality of our moment estimators.

Proof of asymptotic normality part of Theorem 1. By a first-order Taylor expansion
of my,(3) = ma(a(B), B) around Sy, we have

m(B) = ma(B0) = In(B)(5 = Bo),

where 3 is the mean-value between /3 and . By mn(ﬁA) = 0, we obtain

VN@—B@z—MF%MN”j%mﬂ&%%%)

=—Jg' {\/—ZZ Yij — pij(@(Bo), Bo)] xw} + 0p(1) (A23)

i=1 5>t

in view of (A22). Note that we cannot directly apply standard central limit theorem (CLT)
to the term in the curly bracket of (A23) because of the existence of a(f3y). By a third-order

17



Taylor expansion of a(fy) around ay, we have

\/_ZZ s — (@ (Bo). o) i

=1 j>1

1
= \/Nm2(a0 . Bo) + \/NJ21<a07ﬁ0)[ a(fo) — e

1 n 8 1] )
5 {—\/——Z (Bo) — ko ZZ gakglfo n(Bo) — ao]xz‘j}

=1 7>t

n

1 1 L 0 ii \Xn s
6 {—\/—_Z au(Bo) — aol[cu(Bo) — o ZZ 85,68:60?3 n(Bo) — anO]Iij}

= (I)+ 1)+ (I1I)+ (IV).
(A24)

We first handle the last term (/V'). Since p;;(e, §) only contains «; and «;, the last term
(IV') equals

PR L 21 ﬁo) 3Ppij(e, Bo)7

+ (45 — o) 9o
~ ~ agpz(d7 BO)
(v Z > +3 ((az‘ — ai)*(d; — %‘o)W) Tij-

=1 7>t 83 (_ B )
~ Di; (&, Do
+3 (( - Oézo)( aJO) 8;28041 >_

By Lemma A5, sup; |&;(8) — cio| = O,(+y/(logn)/n). Notice that chnﬂo)x” is bounded

under Assumptions 2 and 3. Thus, we have

For (I11), we substitute the asymptotic linear approximation of \/n[@(8y) — a| into it.

After some algebra, its kth entry, which involves several third-order derivatives, equals

2\}NTr [Jl Vi (3) " Rk] +0,(1),

where the elements of Ry for k =1,..., K are

a Dij (a07 50) ) )
Al Rt VS |

(Rk) aala Zj7k7 <1 7£ j < n, (A )

25
d’pij (040, Bo) .

(Rk)“ = z?; ]82—0%1'1']‘7@ 1=1,...,n.

e

Recalling the definition of By in (A1), it follows that (I1I) = —By + 0,(1).

18



We directly substitute the rest of terms, (I) and (I7), into (A23) and obtain
VN (B = o) = 35" Bo

L[ 1 1 A
= — JO {\/—ng(ao, /60) + \/_NJ21(a07 50)[a(ﬁﬂ) - ao]} + Op(l) (A26)
-1 1 1 -1
=—J; {—N_mg(ao, Bo) — \/—NJmJH m; (o, 50)} + 0p(1).

To apply the CLT to the first two terms of (A26), we verify the Lindeberg condition. Define

1 O 1 1
—= Z Zfz‘j ==y = {Z Z(ym — pij)tij — —=JnJ7; my (e, 50)}
VN i=1 j>i VN i=1 j>i VN

Lo (A27)
=-Ji'— ij — Dij)Tij)
0 JN ; ;(y i = Dij)Tij
where Z;; represents the sum of the two multipliers to (y;; —p;;). Hence, (A27) is a weighted
sum of y;; —p;; by the definitions of each component of J9;J fllml(ao, Bo) at the beginning of
Section A. By Assumptions 2 and 3, we have ||Z;;|| < co. For y;; —p;;, they are independent
across dyads (7,7), 1 < i < j <n conditional on (x, ), and are bounded by [—1, 1]. Thus,
the Lindeberg condition is satisfied.
Further notice that the variance of mgy(ayg, o) — Jordyimy(a, fo) is Vi +
Jor I Vi (I I3 — I3 Vie — (J21J7 Viz) 7. By the Lindeberg-Feller CLT, we have
VN(B = By) — Jg' By 5 N(0,9), where Q is defined in (A2). O

B.3 Proof of Theorem 2

First, we characterize the partial derivatives of s, (c, 3) with respect to e and . We

rewrite s, (o, 3) as

sn(e, B) = sa(a, B) = Y suile, Bwi(ax, B), (A28)
=1
where w;(c, 8) is the ith column of I1»(cx, ) "11;1 (e, )7L, Taking derivatives, we have
vaTsn(aa 5) = H12(0475)T - 112(01, ﬁ)TIn(a, 5)_1H11(a, 5) - Z Sli(au 5)%7
i=1
and
T —1 . awz(a7ﬁ)
Varsu(a, B) = Ha(a, ) — Lia(e, B) ' Tii(e, 8) Hia(ex, 8) — Zsu(aaﬁ)w‘

=1

We prove the following lemma.
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Lemma AS8. If Assumptions 1-5 hold, for any B such that ||3 — Bolla = Op(N—?), we have

1 ~ P
N Vatsn(@(Bo), 5o) [@(5o) — ap] = bo, (A29)
and

1 _ 1 _ -.0a(B)

Nvﬁwn(&(ﬁ), B) + NvaTsn(a(ﬁ)> B)

+1, %0, (A30)

where f3 lies in the segment between B and By and by is a K x 1 vector of bias terms whose

kth element is byy = lim,,_ o \} Tr{J ! Cov(my,s;)Wy].
Proof. By the definitions of His(ex, 5) and Ij5(ex, 3), we have

Z]’;Al[ylj _plj(a76)]zljx1rj
Hi(a, B) + Lis(a, B) = : )
Zj;én [ynj — Dnj (a7 B)]Zn]x’f—ll—j

£ Fiy(1=pij) = £2,(1=2pi )+ FZ fij f
where z;; = “— JF‘z‘(f,pij)z I—uUIt - Clearly, N™V2||Hya(ct, Bo) + Liz(eo, Bo) |l ax =
ij

0p(1) by Lemma A5. Hence, by the continuous mapping theorem (CMT) and the fact that

|a(By) — aolles = 0,(1), we have

% IEL12(8(5o). Bo) + Tia(@(Bo), Bo)l,n
f |
\/— [Hiz

Similarly, we obtain

[Hiz(@(5), fo) — Hiz(a, )| [Lia(@(B0), Bo) — Liz(@o, o) || ma

1
max + \/_N |
(a0, Bo) + Ti2(eo, o) | pax = 0p(1).

\/—HIm a(6o), Bo) 'Iii(@(Bo), o) Hir(a(Bo), Bo) + Lii(a(Bo), Bl = 0p(1)-

Comblnlng these two bounds, we have

\/— | His(&(50), Bo) " = Taa(@(Bo); Bo) ' Tu(@(B), o) " Hir(&(6o), Bo) || as

\/— HH12 (@(Bo), Bo) + Lia(a (50),50)T||max

Bo), Bo) "1 (@(Bo), Bo) " [Hir(@(Bo). Bo) + Ly (a(Bo), Bo)]|| ... = op(1).
(A31)
By Lemma A5, we have ||&(8) — o + Jii'my(ax, Bo) ||, = 0p(n~"/?), which implies that

\/— HIl?

for any deterministic vector |c||, =1
vne' (@(By) — ag) = O,(1). (A32)
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Combining (A31) and (A32) yields

1 . T . . yr (A PN _
W[Hm(a(ﬁo)a Bo)" — Liz(@(Bo), Bo) L (€(Bo), Bo) ™ Hir(a (o), Bo)l(@(Bo) — exo) = 0,(1).

(A33)

Next, similarly to the process of finding the bias term in the proof of Theorem 1, we have

1 — ~ awm(a(ﬁo) 50) ~
- \/_N ; Sli(a(ﬁo), ﬁo) ox (a(ﬂo) — 040)
N iy Q@) 0 L
—\/—N;Su(a(ﬁo),ﬁo) Do Ji(a(fo), cg)” my (e, 5o)
:%Nsl(awo),50>ka<a<ﬁo>,5o>Ju< &(), exo) " m (o, o)
1

— \/_NSIWle_llml + Op(l)u

where [Wy (e, 8))i; = %ﬁ:,ﬁ) and the last equality holds by ||a(fo) — aollec = 0,(1) and
the CMT.

The asymptotic bias by := (b1o, ..., bgo) " for the one-step estimator is defined as

bro = 71151;10 \/—_ Tr[J;{Cov(my,s))Wy], k=1,... K, (A34)

where the entries of the n x n covariance matrix Cov(my,s;) are

f]k Yjk — Pjk
(; Yik — pzk) (Z o) >]

_ fjivar(yzj)
Fji(1 = pij)

fzk Yik — Pik
(; Yik — Pik > (Z (1= pue) )]

—;ﬁm—ifi > faFu, 1<i<n.
kti kot
We show that byy = O(1) for all k. Notice that [Cov(my,s;)];; < 1 and [Cov(my,s;)]; < n
uniformly by (A35). By Assumption 5, [Wi(a, 8)];; = O(n™!) and [Wi(e, )] = O(1)
uniformly. By A1, Ji;' can be approximated by the diagonal matrix T = [diag(J;;)]~! with

[Cov(my,sy)]; =E

[Cov(my,s;)]i; =E

137 — Tlmax = O(n~2). Thus, uniformly for all 4, we have
[J71 Cov(my, s1) W

[TCov(my,s;)Wygl; + T)Cov(my, s;) Wy

%\H%\H

1 —1
\/_N[(JH -
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= O(n~"-n") - [Cov(my, 1) Wi + O(n~" - n7?) - [1,1, Cov(my, s1) W]y,
=0 %) -0(Mn)+0(Mn?)-0mn* =0mn").

Taking the trace on both sides, we have \/LNTr[JﬁlCov(ml,sl)Wk] =0 -n=0(1).
Because by is the limit of \/LNTI[JIIICOV(ml, s1)Wy], it is also O(1). Next, we have

1 3 1 _
— —slTWkJHlml = —Tr(JlllmlslTWk)

VN VN

1 1 1
= \/—NTI'[JﬂlCOV(ml, Sl)wk] -+ {—NTI"(Jlllmlsier) — \/—NTr[JfllCov(ml, Sl)Wk]}
(A36)
- Rl + RQ.
Notice that R; — by by definition. By the law of large numbers for U-statistics, Ry - 0
under Assumption 5. By (A33) and (A36), we have

1
VN
:L[le(a(ﬁo% Bo) " — Lia(@(Bo), Bo) "Ti1(@(Bo), Bo)~"Hir(a(Bo), Bo)](a(Bo) — exo)

VN
B %ﬁ D su(@(o), 6o)awi(‘gfi’)’ 5o) @) - ) % b,

Varsn(@(Bo), Bo)(@(Bo) — a)

which proves (A29).
We now turn to prove (A30). Similarly to the characterization of the probability limit of
NL,(&, fBsy), we have

1
N [H22(0é75) - 112(a7ﬂ)—r:[ll(avﬁ)—lHlZ(aaﬂ)] = Op(l)-
Then, by the law of large numbers,
1

N [H22(a(6)a6) - 112(6‘(8)»B)TI11(6‘(B)>B)_1H12(a(6),B)] 2 1.

By (A21) with 3 replaced by By, we have lee(fo) — aolleo = Op(+/(logn)/n). Combine this
with Lemma A4 and we have

1S - owla,f 1 ow;(a, B
N;su(a,ﬁ)% < N;su(a,m x %Hm:%u).
Hence,
Vo sn(@(8),5) + 1o = 0,(1) (A37)
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Finally, by (A31) and an argument identical to the proof of (A29), we have

af) 1 5(8). 3V (6(3
557 = Varsi(@(d), B)In(@(d),

Combining (A37) and (A38) completes the proof of (A30).

B) " Jwa(a(B), B)

O

Ve su(@(3),5)° = o,(1). (A38)

By directly applying this lemma, we establish the asymptotic normality of /éos-

= B+In(aa B)ilsn(a7 B)
with the JMM estimator & := a(f) and . Similar to the proof of Theorem 1, we apply a

Proof of Theorem 2. First, by the definition of BOS, we have BOS

B) around [y, followed by a first-order Taylor expansion
of s,(a@(Bo), Bo) around ag. Together with the fact that

first-order Taylor expansion of s,(a,

N_lln(a,B) LN o, (A39)
we obtain
VN (Bos — Bo)
T
= ﬁlo —Sn(a(ﬁi))aﬁo) . _
15 | T sul@(3). ) + 4 Var @35 ) + ] VI = ) +0n(1) (o)
1 —1
= \/_NIO _Sn(ao,ﬁo) —+ \/_NIO VaTSTL< )( ( ) ) -
Lt %vwsn(a(ﬁ) B) + vo; sn(@(B), B)aaﬁ@ +1o| VN(B — o) + 0p(1).

By (A29) of Lemma A8, we have \/N Varsn(@, Bo)(@(By) — ag) 2 by. By (A30) of Lemma

A8,

a(p)
0BT

O,(1) by Theorem 1, we simplify (A40) as

SV u(@(8), B) + 1 Varsu(@(5). 5)°

Hence, using the result that VN (8 — (o) =

+ IO = Op(l).

VN(Bos — o) = (o, Bo) + Iy oo + 0,(1)

1
VRl
1 n
= \/_NIal Z Z Sij(ao, 6()) + Ialbg + Op<1),

i=1 j>i

(A41)
where s;;(ov, Bo) is dyad (4, j)’s contribution to the asymptotic representation. Then, by

the Lindeberg-Feller CLT, as in the proof of Theorem 1, we have the stated asymptotic

normality. [
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B.4 Proof of Theorem 3

Proof. We define BTn = 7%1 Z 505 sy as the average of all possible OS-SJ estimators.
Let F,, be the o-algebra generated by all observed information. It is clear that BTn is
Fn—measurable. Let [E* represent the expectation over randomness from the random splits
conditional on F,. Our proof has contains two immediate results: (i) vVN(Br, — o) KN
N(0,151) as n — oo; (i) VN(Bsg — fBr,) = 0 as n — oo and T,, — co. Theorem 3 follows
by a combination of these two results.

Step (i). By (A41), we have
1

VN (Bos — Bo) = 15" bo + \/—ngl > silan, Bo) + Ry, x, o),
(4,7)ELn X Ln;5>1

where R(y, X, ap) is a residual term of order o0,(1), as shown in the proof of Lemma AS.

Thus, the one-step estimators based on sub-networks are

1 _
VN/A(BSs, — Bo) = Iy b0+ LYY siylon, Bo) + RV, X, o)), (A42)

(i,4)€Tt) xT{") 55>i

1
VN/ABSL , — Bo) = 1b0+m101 > sij(c, Bo) +R(yy), xy, afl}), (A43)
(i,§) €T x T 55>i
(0 (0

where ay ] is the sub-vector of oy indexed by Il(tzl and similarly for a5. . Hence, we have

. 2
VNG =) = =lat D sulee B+ RO xa0), (Ad)
(i,)eT’) xT{)

with RO (y, x, o) 1= 2R(y, X, otg) — [R(y§ ) x\ o oy, D)+ Ry, x ol 2) /2, which is also
0,(1). Notice that R"(y,x, ap) is a continuous and bounded function of its arguments,
which implies max;<;<7, HR(t) (v,x, ao)H2 < R*(y,x, o) for some function R*(y,x, ag) =
0p(1). Hence, we have HTn_1 S R(t)Hz < R* = 0,(1). Then, taking average of (A44) over
all 1 <t < T, yields

T,
~ 1 "
v N(ﬂTn - BO) Z Z Sij(a07 /80) + T ZR(t)(y7X7 aO)
I (u)ez(” T4 "=1

DY "/2 1 s, o) + 0,(1)

i=1 j#i Tl/2

1 n o d _
= — X It sii(ao, Bo) + 0p(1) = N (0,1 1), (A45)
Lt zz ] p ;

24



where the second equality holds because for each (i, 7),i # j, there are (;;;_21) different splits
among them. This proves the first result.

Step (ii). Conditional on F,, random draws B(()t%fs jfort=1,... . T, are independent and
uniformly distributed over {B(()S%_SJ}Z;. So that E*| Ag%_SJ] — Br, and E*[”Bgé—m — b1, |13 =
7 ST 1B8) g — Br |3 := 02. Note that o2 is F,-measurable and 62 = O,(N 1) by (A44)

and (A45). By Markov’s inequality, for any € > 0

s NE[|Bsc = Brl3] ~ No?
Pr(IVR i — ) > el7,) < S0 =0l 2o
Hence, Pr(||[vN(Bsc — f1,)|l2 > €) < E[T; ¢ 2No2] = O(T;') = o(1) as n — oo and
T,, — oo for any € > 0. This proves the second result.
Combining Step (i) and Step (ii), we have established that

VN (g — o) = VN (Bra — Br,) + V'N(Br, — Bo) = VN(Br, — Bo) + op(1) 4 N(0,I5h)

asTn—>ooandn—>oo. O

B.5 Proofs of Results in Section 4

Proof of Theorem 4. We decompose 3—(50 as 5—50 = <(§ - An> + (An - (50) . The second

term is a U-statistics

_]_ n
- n
A, — 0o = <2) Z Z [Aij(aim 50, 50) - EAij<ai07 a0, 50)]
i=1 j>i
Wlth kernel A” (Oéio, Oéjo, ﬁo) — EA,LJ(OQ[), ijo, B(]) SO, lf 25 =

Cov (A0, o, Bo), Aik(io, cio, Bo)) exists, by Theorem 12.3 of van der Vaart (2000), we

have

VA, = 8) 5 N(0,455). (A46)

A

Next, for the first term, notice that @ = a(f) and we can decompose it as

VN <5 - An> — \/—% zn: Z [Aij(é‘i(é)v a;(B), B) — Aj(vo, o, 50)}

=75 Z Z [Aij(di(ﬁ), &;(B), B) — A (6i0(Bo)s Grjo (o), 50)]

+ \/Lﬁ ZZ1 ; [Aij (Ao (Bo), éo(Bo), o) — Aj(vio, tjo, Fo)]

= U1 + Ug,
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where U; captures the variation from B and U captures the variation from a ().

Define

0A
2 i#1 Bar (al, a;, B)

0A;; 1
ZZ ] Zaajuﬂ)u Aa(aaﬁ) ::N :
=1 j>i Zj;én aaAO:Lj (an7 ), B)

(A47)

For Uy, a first-order Taylor expansion around [y yields

{ZZ S5, 6,3).5) + 30 30 S (). 6,(9). B w)} (5 )

i=1 j>1

= {As(@(B). B)" — Aa(@(B), B) " Tuu(a(B), B) " Tra(@(B), B)} VN (B — fo)

= (A} = ALI J1)VN(B = Bo) + 0,(1), (A48)
where §3 lies in the segment between 3 and 3y and the last equality uses the fact that 5 2 S,
and Ha(ﬁ) — aO”OO 50.

For Us,, a third-order Taylor expansion yields

= VNAL(&(fh) — ex)
" 0? Ajj(ow, Bo)  ~
{\/— Z k(Bo) — ano Z Z aakaaTﬁ [ (o) — 060]}

i=1 5>

{\/— Z Z 1(Bo) — aol[du(Bo) — cuo Z Z égoigal(?aT [a(Bo) — Oéno]} .

k=1 I=1 i=1 j>i

(A49)

Similarly to the proof of Theorem 1, we can show that the second term of (A49) converges
in probability to a bias term B, defined by (11) and

a Ajjk(o, Bo)

“w 1 . .
(R, ) Oa; 0 <iFg<n (A50)
82Ai- (81 ,5 .
(Ry);; = E : 352(%0 0)’ i=1,...,n

i
The last term of (A49) is 0,(1) (equivalent to the limit of part (IV) of (A24)). Additionally,

from the proof of Theorem 1, we have

1

VN(B = Bo) = Jg'By = —Jg o

Jol{\/%mz(aoaﬁo)— leJl—llml(ao,ﬂo)}+op(1) (A51)

and

||a(ﬁo) — + Jl_llml(ao, B(])HOO = op(n_l/Q). (A52)
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Substituting (A51) and (A52) into (A48) and (A49) respectively, we have

VN(6 - A,) — Bs — B,
1 1

= — (AZ - AlJﬁlJm)Jal {\/—Nﬂw(ao,ﬂo) - \/—NJmJﬁth(ao,ﬁo)}
- \/NAZJﬁlml(aoa Bo) + 0,(1)

1
VN

1
* VN [(Af — ALIH J12)J5 T2 — NAL] I my (e, Bo) + 0,(1),

where Bg is defined in (11).
Finally, by the Lindeberg-Feller CLT, we have

(A] — AT 31) 5 ma(e. fo)

VN — A,) — Bs — By 5 N(0,5) (A53)
with
DI
= lim %{(AE — ALIT )T Ve [(A] = AL TS5

+ (A = AT T12)I0 Jor = NAL I Vi {[(A5 — AT J12)Jg Jar — NAL] I '
— [(A] = AT I o = NAL 33 Vi [(A] - AT T)J5 "]

_ _ _ _ Neanl
- {[(Ag — ALIT I T = NAL 30V [(AF — ALTT1) 357 } } (A54)

Combining (A46), (A53), and the fact that §—A,, is uncorrelated with A, —d, asymptotically,
we have

Sa 485\ YR/ 1 1 a

Since the asymptotic normality of the plug-in estimator 5 has already been established,
the asymptotic normality of dpc follows by an argument analogous to the proof of Theorem

3, and is therefore omitted for brevity. [

Proof of Theorem 5. The argument proceeds as in the proof of Theorem 1, with (e, 5o)

replaced by (e, Bnx). To avoid redundancy, we omit the details. [

Proof of Theorem 6. The argument follows the proofs of Theorems 2 and 3, with (ay, 5o)
replaced by (e, fyz). The details are omitted to avoid repetition. [
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